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Abstrat: We study the onnetion between quark and lepton mass matries in a
supersymmetri SO(10) GUT model in six dimensions, ompatied on an orbifold.
The physial quarks and leptons are mixtures of brane and bulk states. This leads
to a harateristi pattern of mass matries and high-energy CP violating phases.
The hierarhy of up and down quark masses determines the CKM matrix and most
harged lepton and neutrino masses and mixings. The small hierarhy of neutrino
masses is a onsequene of the mismath of the up and down quark mass hierar-
hies. The eetive CP violating phases in the quark setor, neutrino osillations
and leptogenesis are unrelated. In the neutrino setor we an aomodate naturally
sin θ23 ∼ 1, sin θ13 . 0.1 and m1 . m2 ∼
√
∆m2
sol
< m3 ∼
√
∆m2
atm
.
Keywords: CP violation, Field Theories in Higher Dimensions, GUT, Neutrino
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1. Introdution
Grand unied theories (GUTs) appear to be the most promising framework [1, 2℄ to
address the still hallenging question of quark and lepton masses and mixings. During
the past years new results from neutrino physis have shed new light on this problem,
and the large dierenes between the mass hierarhies and mixing angles of quarks,
harged leptons and neutrinos impose strong onstraints on unied extensions of
the Standard Model (SM) [3, 4℄. Massive neutrinos are most easily inorporated in
theories with right-handed neutrinos, whih leads to SO(10) as preferred GUT gauge
group [5, 6℄.
Higher-dimensional theories oer new possibilities to desribe gauge symmetry
breaking, the notorious doublet-triplet splitting and also fermion masses. A simple
and elegant sheme is provided by orbifold ompatiations whih have reently
been onsidered for GUT models in ve and six dimensions [712℄. In this paper
we analyse in detail the onnetion between quark and lepton mass matries in the
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six-dimensional (6D) GUT model suggested in [13℄, for whih also proton deay [14℄,
supersymmetry breaking [15℄ and gauge oupling uniation [16℄ have been studied.
An alternative SO(10) model in ve and six dimensions has previously been studied
in [17℄. For a reent disussion of CP violation in a 5D orbifold GUT model, see [18℄.
An important ingredient of orbifold GUTs is the presene of split bulk multiplets
whose mixings with omplete GUT multiplets, loalised at the xed points, an sig-
niantly modify ordinary GUT mass relations. This extends the known mehanism
of mixing with vetorlike multiplets [1921℄. Suh models have a large mixing of
left-handed leptons and right-handed down quarks, while small mixings of the left-
handed down quarks. In this way large mixings in the leptoni harged urrent are
naturally reoniled with small CKM mixings in the quark urrent.
Our model of quark and lepton masses and mixings relates dierent orders of
magnitude whereas fators O(1) remain undetermined. Hene, we an only disuss
qualitative features of quark and lepton mass matries. Reently, orbifold ompat-
iations of the heteroti string have been onstruted whih an aount for the
standard model in four dimensions and whih have a six-dimensional GUT struture
as intermediate step very similar to familiar orbifold GUT models [2224℄. In suh
models the urrently unknown O(1) fators are in priniple alulable, whih would
then allow for quantitative preditions.
The goal of the present paper is twofold: As a typial example, we rst study
the model [13℄ in more detail and expliitly ompute the mass eigenstates, masses
and mixing angles. Seond, we investigate the question of CP violation, both in
the quark and lepton setor and possible onnetions between the two. In previous
studies, CP violation has mostly been negleted assuming that, barring fortunate
anellations, the phases and mixings are pratially independent. Nevertheless this
question and the avour struture are strongly interonneted, and we will see that a
spei pattern of mass matries an give a distint signature also in the CP violation
invariants.
This paper is organised as follows: In Setion 2 we desribe the 6D orbifold
GUT model and the diagonalisation of the mass matries dening the low energy
SM fermions. In Setion 3 we disuss the CP violation in the quark setor, whereas
Setion 4 is devoted to the CP violation in the leptoni setor. Conlusions are
given in Setion 5. Two appendies provide details to the omputation of the mass
eigenstates and CP violation in extensions of the SM.
2. SO(10) Uniation in six dimensions
We study an SO(10) GUT model in 6D with N = 1 supersymmetry ompatied
on the orbifold T
2/(ZI2 × ZPS2 × ZGG2 ) [11, 12℄. The theory has four xed points, OI,
O
PS
, O
GG
and O

, loated at the four orners of a `pillow' orresponding to the two
ompat dimensions (f. Fig. 1). The extended supersymmetry is broken at all xed
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Oi [SO(10)]
Ogg [Ggg] Ofl [Gfl]
Ops [Gps]
Figure 1: The three SO(10) subgroups at the orresponding xed points (branes) of the
orbifold T
2/(ZI2 × ZPS2 × ZGG2 ).
points; in addition, the gauge group SO(10) is broken to its three subgroups G
PS
=
SU(4) × SU(2) × SU(2); G
GG
= SU(5) × U(1)X ; and ipped SU(5), G = SU(5)′ ×
U(1)
′
, at O
PS
, O
GG
and O

, respetively. The intersetion of all these GUT groups
yields the standard model group with an additional U(1) fator, G
SM
′ = SU(3) ×
SU(2) × U(1)Y × U(1)Y ′ , as unbroken gauge symmetry below the ompatiation
sale.
The eld ontent of the theory is strongly onstrained by imposing the anella-
tion of irreduible bulk and brane anomalies [25℄. The model proposed in Ref. [13℄
ontains three spinors ψi(16), i = 1 . . . 3, as brane elds as well as six vetorial elds
Hj(10), j = 1 . . . 6, and two pairs of spinors, Φ(16) + Φ
c(16) and φ(16) + φc(16) as
bulk hypermultiplets.
The massless zero modes N(Φ) and N c(Φc) aquire vauum expetation values
(vevs), vN = 〈N〉 = 〈N c〉, breaking B−L and thus G
SM
′
to G
SM
. The breaking sale
is lose to the ompatiation sale so that v2N/M∗ ∼ 1014 GeV, where M∗ is the
uto of the 6D theory. At the weak sale, the doublets Hd(H1) and Hu(H2) aquire
vevs, v1 = 〈Hd〉 and v2 = 〈Hu〉, breaking the eletroweak symmetry.
The three sequential 16-plets are loated on the three branes where SO(10) is
broken to its three GUT subgroups; in partiular, we plae ψ1 at OGG, ψ2 at O and
ψ3 at OPS. The parities of H5, H6, φ, and φ
c
are hosen suh that their zero modes,
L(φ) =
(
ν4
e4
)
, Lc(φc) =
(
νc4
ec4
)
, dc4(H5) , d4(H6) , (2.1)
have the quantum numbers of a lepton doublet and antidoublet as well as anti-down
and down-quark singlets, respetively. Both L(φ) and Lc(φc) are SU(2)L doublets.
Together these zero modes at as a fourth vetorial generation of down quarks and
leptons.
The three `families' ψi are separated by distanes large ompared to the uto
sale M∗. Hene, they an only have diagonal Yukawa ouplings with the bulk Higgs
elds; diret mixings are exponentially suppressed. The brane elds, however, an
mix with the bulk zero modes for whih we expet no suppression. These mixings
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take plae only among left-handed leptons and right-handed down quarks, leading
to a harateristi pattern of mass matries [13, 14℄.
The mass terms assume the harateristi form,
W = uim
u
i u
c
i + dαm
d
αβd
c
β + e
c
αm
e
αβeβ + ν
c
αm
D
αβνβ +
1
2
νcim
N
i ν
c
i , (2.2)
where latin indies only span 1, 2, 3, while greak indies inlude the forth generation
states. The up quark and Majorana neutrino mass matries,mu andmN , are diagonal
3× 3 matries,
mu =
hu11v2 0 00 hu22v2 0
0 0 hu33v2
 , mN =
h
N
11
v2
N
M∗
0 0
0 hN22
v2N
M∗
0
0 0 hN33
v2
N
M∗
 . (2.3a)
Sine νc4 is part of an SU(2)L doublet, it annot ouple to the other SM singlets in
ψi via the B − L breaking eld. Furthermore, there is no other oupling giving it a
diret Majorana mass.
The Dira mass matries of down quarks, harged leptons and neutrinos, md, me
and mD, respetively, are 4 × 4 matries instead, due to the mixing with the bulk
eld zero modes,
md =

hd11v1 0 0 g
d
1
vN
M∗
v1
0 hd22v1 0 g
d
2
vN
M∗
v1
0 0 hd33v1 g
d
3
vN
M∗
v1
f1vN f2vN f3vN M
d
 , (2.3b)
me =

hd11v1 0 0 h
e
14v1
0 he22v1 0 h
e
24v1
0 0 hd33v1 h
e
34v1
M l1 M
l
2 M
l
3 M
l
4
 , mD =

hD11v2 0 0 h
D
14v2
0 hu22v2 0 h
D
24v2
0 0 hu33v2 h
D
34v2
M l1 M
l
2 M
l
3 M
l
4
 , (2.3)
up to orretions O(v2N/M2∗ ). The diagonal elements satisfy four GUT relations
whih orrespond only to the loal unbroken groups, i.e., SU(5), ipped SU(5) and
Pati-Salam subgroups of SO(10). The hypothesis of a universal strength of Yukawa
ouplings at eah xpoint leads to the identiation of the diagonal and o-diagonal
elements of mu/ tanβ, md, me, and mD/ tanβ, where tanβ = v2/v1, up to oe-
ients of order one. This implies an approximate top-bottom uniation with large
tan β and a parametrisation of quark and lepton mass hierarhies in terms of the six
parameters µi and µ˜i.
The ruial feature of the matries md, me and mD are the mixings between the
six brane states and the two bulk states. The rst three rows of the matries are
proportional to the eletroweak sale. The orresponding Yukawa ouplings have to
be hierarhial in order to obtain a realisti spetrum of quark and lepton masses.
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This orresponds to dierent strengths of the Yukawa ouplings at the dierent xed
points of the orbifold. The fourth row, proportional to Md, M l and vN , is of order
the uniation sale and, we assume, non-hierarhial.
The mass matries md, me and mD are of the ommon form
m =

µ1 0 0 µ˜1
0 µ2 0 µ˜2
0 0 µ3 µ˜3
M˜1 M˜2 M˜3 M˜4
 , (2.4)
where µi, µ˜i = O(v1,2) and M˜i = O(MGUT). This matrix an be diagonalised using
the unitary matries
m = U4U3DV
†
3 V
†
4 (2.5)
where the matries U4 and V4 single out the heavy mass eigenstate, that an then
be integrated away, while U3 and V3 at only on the SM avour indies and perform
the nal diagonalisation also in the 3× 3 subspae. The expliit expressions for the
mixing matries and the mass eigenstates are given in Appendix A.
The parameters in the matrix Eq. (2.4) are generally omplex; however, we an
absorb seven phases with appropriate eld redenitions and hoose the remaining
three physial phases to be ontained into the diagonal parameters µi,
m =

|µ1| eiθ1 0 0 µ˜1
0 |µ2| eiθ2 0 µ˜2
0 0 |µ3| eiθ3 µ˜3
M˜1 M˜2 M˜3 M˜4
 . (2.6)
This is the maximal number of physial phases for four generations of Dira fermions,
given as usual by (n− 1)(n− 2)/2 for n generations, so our texture above does not
redue the CP violation from the typial n = 4 ase. We will see that the phases
survive in the low energy parameters, but that only one ombination denes the
single phase harateristi of three generations.
With this hoie, the matrix V4 is real, while U4 ontains omplex parameters;
however, the imaginary part is suppressed by |µi| /M˜ so that their eet on the low
energy CP violation is negligible as long as the mass of the heavy eigenstate is large
ompared to the eletroweak sale. From the uniation of the gauge ouplings, we
expet indeed M˜ to be of the order of the GUT sale [16℄. Then the disussion of
the low energy CP violation, whih would in general be haraterised by many CP
invariants [26, 27℄, redues to the ase of three light generations (see Appendix B).
The eetive mass matrix is given by m̂, the 3× 3 part of
m′ = U †4mV4 =
(
m̂ 0
0 M˜
)
+O
(
v2
M˜2
)
, m̂ =
µ1(V4)1j + µ˜1(V4)4jµ2(V4)2j + µ˜2(V4)4j
µ3(V4)3j + µ˜3(V4)4j
 ; (2.7)
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in terms of the parameters in Eq. (2.4), it reads
m̂ =

µ1
fM4√
fM2
1
+fM2
4
− µ˜1 fM1√
fM2
1
+fM2
4
0 −µ1 fM1
√
fM2
2
+fM2
3
fM
√
fM2
1
+fM2
4
− µ˜1 fM4
√
fM2
2
+fM2
3
fM
√
fM2
1
+fM2
4
− µ˜2 fM1√
fM2
1
+fM2
4
µ2
fM3√
fM2
2
+fM2
3
µ2
fM2
√
fM2
1
+fM2
4
fM
√
fM2
2
+fM2
3
− µ˜2 fM4
√
fM2
2
+fM2
3
fM
√
fM2
1
+fM2
4
− µ˜3 fM1√
fM2
1
+fM2
4
−µ3 fM2√
fM2
2
+fM2
3
µ3
fM3
√
fM2
1
+fM2
4
fM
√
fM2
2
+fM2
3
− µ˜3 fM4
√
fM2
2
+fM2
3
fM
√
fM2
1
+fM2
4

.
As any matrix, m̂ an be transformed into upper triangular form just by basis redef-
inition on the right,
m = m̂ V̂3 =
γµ1 µ1 βµ10 µ2 αµ2
0 0 µ3
 . (2.8)
This form is partiularly suitable in the ase of the down quarks, where V̂3 ats on
the right-handed quarks and disappears from the low energy Lagrangian due to the
absene of right-handed urrent interations. Note that we an reshue the phases,
reabsorbing three of them into the unitary transformation V̂3, but we are still left
with three omplex parameters. We an exploit this freedom to obtain real diagonal
elements µ2, µ3 and γµ1, while α, β, and µ1 remain omplex.
On the other hand, we an still redene two phases on the left-hand side, keeping
an overall phase free, with a diagonal matrix
PL3 = diag
(
e−iζ1 , e−iζ2, 1
)
. (2.9)
This transformation allows us to shift the phase of µ1 into γ, whih will be onvenient
later in the limit where γ vanishes. Again, suh a phase shift does not redue the
number of omplex parameters in the down quark matrix, whih remains three.
Moreover, this reparametrisation does not hange the CKM matrix, sine the up
quark mass matrix is diagonal and so suh phase transformation an be ompensated
by an idential one for both ui and u
c
i .
The matrix V̂3 diers from the upper 3 × 3 part of the diagonalising matrix
V3 = V̂3V
′
3 ; however, they are very similar in the hierarhial ase. The relation
between these two an be found in Appendix A, together with the general expression
for U3, the 3× 3 part of whih is the CKM matrix.
For the leptons, it is the matrix V4V3 that ats on the left-handed states, so the
mismath between the harged leptons and neutrinos (see Eq. (2.3)) basis appears in
the harged urrent interation and the denition of the avour neutrino eigenstates.
However, the matrix V4 whih ontains large mixing angles and rotates away the
heavy eigenstate is the same for harged leptons and neutrinos sine the heavy state
is an SU(2)L doublet. Therefore the PMNS matrix will be given only by the mismath
between the V̂3 ≃ V3 matries for harged leptons and neutrinos.
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The omplete expressions for the parameters in m are given in Appendix A; in
this setion, we will only onsider the limit of small µ1 as well as small µ˜1 and/or
µ2. For µ1 = µ˜1 = 0, the rst row simply vanishes, whereas for µ1 = µ2 = 0, the
two rst rows of the mass matrix are aligned (see Eq. (2.6)). Therefore both ases
orrespond to vanishing down-quark and eletron mass.
Sine µ˜1/µ˜2 gives Vus, we fous on the ase µ1 = µ2 = 0, where
1
α = β =
µ˜2
µ2
(
µ˜3
µ3
− M˜4
M˜
µ∗3M˜3 + µ˜3M˜4
µ3M˜
)
, γ = 0 ,
µ1
µ˜1
=
µ2
µ˜2
=
|µ3|
µ3
√
M˜21 + M˜
2
2
M˜
. (2.10)
The eigenvalues of the heavier states are given by
m2b = µ
2
3 , (2.11a)
m2s = µ
2
2 + |µ1|2 = µ22
(
1 +
µ˜21
µ˜22
)
∼ µ22 , where
µ˜1
µ˜2
∼ Vus . (2.11b)
In this limit, only one single physial CP violating phase survives, even in the 4× 4
piture; it is ontained in µ3 and so in α and β (see Eq. (2.10)). We will see, however,
that this single phase is not suient to have low-energy CP violation.
The down-quark mass is indeed very small, so we will use these expressions as
the order zero approximation, together with the orretions proportional to |µ2| /µ2,
whih determine the masses of the down-quark and the eletron. Our expansion
parameter will therefore be of the order of the mass ratio of the down and strange-
quark, md/ms. In fat, for |µ1| ≪ |µ2| we have at leading order
md = γµ1 ≃ µ˜1 |µ2|
µ2
|µ3|
µ3
≃ |µ2| |µ1|
µ2
≃ Vus |µ2| , (2.11)
so our expansion parameter is
|µ2|
µ2
≃ md
msVus
∼ 0.23 . (2.12)
The mass ratio of eletron and muon is muh smaller than the ratio of down
and strange quark. This implies (µ2µ˜1/µ˜
2
2)e ≪ (µ2µ˜1/µ˜22)d. Assuming that the
dierene is due to the smallest matrix elements, this indiates (µ2)e/(µ2)d ≪ 1
and/or (µ˜1)e/(µ˜1)d ≪ 1 for (µ˜2)e ≃ (µ˜2)d. This fat an easily be aommodated,
as we see in Eqs. (2.3): the presene of the seond generation on the ipped SU(5)
1
As mentioned above, it is instrutive to hoose the basis in whih µ1 is real and the vanishing
parameter γµ1 omplex. Then it is obvious that we are left with only two omplex parameters in
m, namely α and β, ontaining the same phase.
 7 
brane leads to dierent values of µ2 for the down quarks and harged leptons and
the parameter µ˜1 stems from dierent ouplings in the superpotential.
While we derived the fermion mass matries (2.3) within a spei model, they
an also arise in other models, where additional matter is present at the GUT (or
ompatiation) sale. Thus we ould take these matries as a starting point for
the following disussion, leaving open the question of their origin.
3. CP violation in the quark setor
We will rst onsider the CP violation in the quark setor. As we have seen in the
previous setion, our eetive 3 × 3 down quark mass matrix ontains three phases
as a remnant of the original 4× 4 matrix, with the dominant omplex element being
αµ2. We will now derive the ombination of the three phases, whih plays the role
of the CKM phase.
To desribe CP violation for three generations, as is the ase in the SM, it is
onvenient to use the Jarlskog invariant [28℄, Jq, whih is given by
6 i∆M 2u ∆M
2
d Jq = tr [Hu, Hd]
3 = 6 Im tr
(
H2uH
2
dHuHd
)
, (3.1)
where H = mm† and
∆M 2 =
(
m23 −m22
) (
m23 −m21
) (
m22 −m21
)
; (3.2)
note that ∆M 2 has mass-dimension six. In our model, the up quark mass matrix is
diagonal, as is Hu. Then the invariant strongly simplies and reads
Jq =
Im (H12d H
23
d H
31
d )
∆M 2d
. (3.3)
It is lear from this expression, that any diagonal phase transformation of m on the
left does not have any eet on the Jarlskog invariant.
As disussed in Appendix B, we an use the eetive 3 × 3 mass matrix
Hed = m̂ m̂
† = mm†. By means of Eq. (2.8), we obtain
Hed =
|µ1|2
(
1 + |β|2 + |γ|2) µ1µ2 (1 + α∗β) µ1µ3β
µ∗1µ2 (1 + αβ
∗) µ22
(
1 + |α|2) µ2µ3α
µ∗1µ3β
∗ µ2µ3α
∗ µ23
 , (3.4)
where µ2 and µ3 are real parameters, as displayed in Eqs. (A.4). Then we have
Im
[(
Hed
)12 (
Hed
)23 (
Hed
)31]
= |µ1|2 µ22µ23 Imαβ∗ (1 + α∗β) (3.5)
= |µ1|2 µ22µ23 Imαβ∗
= µ2µ
2
3 Im [(αµ2) (βµ1)
∗ µ1] .
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We see that the Jarlskog invariant is always independent of the argument of γ and it
vanishes in the limit µ1, µ˜1 → 0 suh that µ1 = 0. As we might expet, Jq vanishes
for α = β as well, i.e., in the limit µ1, µ2 → 0.
So the presene of a single phase in α is not suient to give CP violation in the
low energy: this phase anels out in the Jarlskog invariant. This eet stems from
the alignment of the vetors in avour spae; however, even in the ase of vanishing
rst generation mass, the orresponding eigenvetor does not deouple from the other
two and the mixing matrix does not redue to the two-generational ase. In fat, the
CKM matrix is given by (see Appendix A)
2
V
CKM
(md = 0) ≃

1
µ1
µ2
µ1α
µ3
− µ∗1µ2 1
µ2α
µ3
0 −µ2α∗µ3 1
 , U3 =
(
V †
CKM
0
0 1
)
. (3.6)
Hene, we annot onlude that the CP eets disappear due to the redution of
the system to two generations, nor to the mass degeneray between quarks. Instead
the absene of low energy CP violation is aused by the partiular texture of m in
exatly the same basis for the left-handed quark doublet, where the up quark matrix
is diagonal. This feature is similar to the absene of CP violation in 4D SO(10)
onstrutions, where a single ten-dimensional Higgs eld generates fermioni masses,
yielding a trivial CKM matrix. Note that there is still some CP violation eet
arising from the dominant phase θ3 in µ3, but it is only apparent in the mixings
involving the fourth heavy state.
Now, the down quark is not massless and the real physial ase orresponds to
non-zero µ1, µ2 and µ˜1. From the up quark phenomenology, we know that µ1 : µ2
is similar to the mass ratio of up and harm-quark [13℄; in addition, µ˜1 : µ˜2 is xed
by the Cabibbo angle. We will therefore fous on the linear terms in µ2 and keep
µ1 ≃ 0.
As is apparent in Eq. (3.5), ontributions to Jq ome from the omplex quantities
αµ2, βµ1, and µ1; however, βµ1 is independent of µ2 (see Eq. (A.4)),
βµ1 = µ˜1
[
µ˜3
µ3
− M˜4
M˜
µ˜3M˜4 + µ
∗
3M˜3
µ3M˜
]
. (3.7)
The rst order terms are
δ(αµ2) = −µ2 M˜2
M˜
µ˜3M˜4 + µ
∗
3M˜3
µ3M˜
,
δµ1 = µ˜1
µ∗2
µ2
µ3
µ23
M˜2
M˜
µ˜3M˜3 − µ∗3M˜4
µ3M˜
, (3.8)
2
We an exploit the phase transformation P3L (2.9) to absorb the phases of µ1, α and make all
elements of the CKM matrix real showing expliitly that the CP violation disappears.
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and the Jarlskog invariant reads
Jq = − µ˜
2
1µ˜
2
2µ˜
2
3
∆M 2d
M˜2M˜3
M˜2
[(
1− M˜
2
4
M˜2
)
Im
µ3µ
∗
2
µ˜3µ˜2
+
M˜3M˜4
M˜2
|µ3|2
µ˜23
Im
µ2
µ˜2
]
. (3.9)
We see that Jq vanishes if either µ2 or µ3 vanish, so two omplex quantities are
needed to obtain CP violation at low energies.
It is instrutive to alulateHed also from the matrix m̂, Eq. (2.7). Here we notie
that the o-diagonal elements of suh matrix are relatively simple sine we an exploit
the unitarity of the matrix V4, whih gives
∑3
k=1(V4)ik(V4)
∗
jk = δij − (V4)i4(V4)∗j4. So
we have for i 6= j(
Hed
)ij
= µ˜iµ˜j
(
1− aia∗j
)
, ai ≡ µ˜iM˜4 + µiM˜i
µ˜iM˜
, (3.10)
from whih we get the simple expression
Im
[(
Hed
)12 (
Hed
)23 (
Hed
)31]
= µ˜21µ˜
2
2µ˜
2
3
∑
yl. perm ijk
(
1 + |ai|2
)
Im
(
a∗jak
)
. (3.11)
In the limit of vanishing µi, we see that ai = M˜4/M˜ ; thus for µ1 = µ2 = 0, the
expression simplies to
Im
[(
Hed
)12 (
Hed
)23 (
Hed
)31]
= µ˜21µ˜
2
2µ˜
2
3
(
1 +
M˜24
M˜2
)
Im
[
µ∗3
M˜4
M˜
+ µ3
M˜4
M˜
]
= 0 .
For µ1 = 0 but µ2 6= 0, we then obtain
Im
[(
Hed
)12 (
Hed
)23 (
Hed
)31]
= µ˜21µ˜
2
2µ˜
2
3
M˜2M˜3
M˜2
[(
1− M˜
2
4
M˜2
)
Im
(
µ3µ
∗
2
µ˜3µ˜2
)
(3.12)
+
M˜3M˜4
M˜2
|µ3|2
µ˜23
Im
(
µ2
µ˜2
)
− M˜2M˜4
M˜2
|µ2|2
µ˜22
Im
(
µ3
µ˜3
)]
.
The omplete expression for Jq is displayed in Eq. (A.19); the dominant terms are
exatly those given in Eq. (3.9).
For degenerate heavy masses M˜ , the result simplies to
Jq =
1
16
µ˜21µ˜2
∆M 2d
(
3 µ˜3 Im (µ3µ
∗
2) + |µ3|2 Im (µ2)
)
. (3.13)
Note that the numerial fator,
1
16
, is minimal for degenerate M˜ . Due to the hierarhy
of the down quarks, ∆M 2d ≃ m2sm4b ≃ µ22µ43. So we nally obtain, substituting the
order of magnitude of the parameters, with µ˜3 ≃ |µ3|,
Jq ≃ Vusmdms
m2b
1
4
√
2
(3 sin (θ3 − θ2) + sin θ2) ≃ 10−5 (3 sin (θ3 − θ2) + sin θ2) .
(3.14)
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This is the right order of magnitude; the urrent experimental value is Jq = 3×10−5
[29℄. From Eq. (3.14) we an onlude that a single omplex parameter, with the
other two vanishing, is not enough to have low-energy CP violation in the quark setor
and that the CKM phase is a ombination of the high-energy phases θi weighted by
mass hierarhies. Moreover, maximal phases seem to be needed to give the large
low-energy phase observed.
4. CP violation in the leptoni setor
The harged lepton and Dira neutrino mass matries an be transformed like the
down quark mass matrix. The heavy state is an SU(2)L doublet, so V4 singles out
the same state for harged leptons and neutrinos.
The eetive 3× 3-matries read (f. Eq. (2.7))
m̂e =
µ1(V4)1j + µ˜1(V4)4jµ2(V4)2j + µ˜2(V4)4j
µ3(V4)3j + µ˜3(V4)4j
 , m̂D =
ρ1(V4)1j + ρ˜1(V4)4jρ2(V4)2j + ρ˜2(V4)4j
ρ3(V4)3j + ρ˜3(V4)4j
 . (4.1)
Within our model we assume the hierarhial patterns of µi and ρi as well as µ˜i and
ρ˜i (i = 1..3) to be the same as for down quarks. The preise values, however, an
be dierent sine they originate from dierent Yukawa ouplings, see Eqs. (2.3).
Again, we hoose the ouplings between the brane states, µi and ρi, omplex.
Although some of the harged lepton and down quark parameters, namely µ1
and µ3, are related by GUT symmetries, the orresponding phases after the redef-
inition leading to Eq. (2.6) are ompletely unorrelated. Thus, there is no diret
relation between the CP violation in the leptoni and in the hadroni observables,
even though, barring anellations, we expet the leptoni CP violation to be large
as well. Furthermore, we will see that dierent ombinations of the phases determine
the experimental observables. Thus even if there were relations between the phases
in the quark and lepton setor, these would not be observable. Some orrelations,
however, ould survive between harged and neutral leptons. As in the quark setor,
we expet similar suppression for the CP violation due to the spei mass texture
in our model.
The disussion of the harged lepton masses losely follows the disussion of the
down quarks in the previous setion. The parameters are hosen suh that they
math the observed hierarhy, as desribed in Appendix A.1. The light neutrino
masses, however, result from the seesaw mehanism, sine we have heavy Majorana
masses for the right-handed neutrinos. This Majorana matrix is diagonal, but an
have omplex entries (f. Eq. (2.3a)),
mN =
M1e2iφ1 0 00 M2e2iφ2 0
0 0 M3e
2iφ3
 = e2iφ3
M1e2i∆φ13 0 00 M2e2i∆φ23 0
0 0 M3
 , (4.2)
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where ∆φij = φi − φj . Altogether, we have nine independent phases in the lep-
ton setor; in the limit of small µ1 and ρ1, they redue to seven. Sine neutrinos
are Majorana, we have less freedom in the phase reshuing. However, exept for
eletroweak breaking eets in U4, the heavy state is eetively an SU(2)-doublet of
Dira fermions. This allows us to absorb some phases in the Dira mass matrix and
redue the system to three generations for both harged and neutral leptons at the
same time. In the following, we will neglet any eet of this heavy fourth generation
doublet and onentrate on the three light generations inluding the right-handed
neutrinos. We expet this approximation to be valid as long as M˜ ∼M
GUT
is muh
larger than the Majorana masses Mi [16℄.
4.1 Seesaw Mehanism and Eetive Mass Matrix
In the ase of the leptons, neither m̂e nor m̂D is diagonal and therefore we will hange
the basis in order to simplify the disussion of the CP violation. Lukily, the large
rotations of type V̂3, whih bring the Dira matries into triangular form, are similar
for harged leptons and neutrinos, thanks to the same hierarhial struture.
To distinguish the avour of the light neutrinos, we rst at on the neutrino
Dira mass matrix with exatly the same V̂3 that transforms the harged lepton
mass matrix into the upper triangular form, see Eq. (2.8), and obtain
mD =
Aρ1 Dρ1 ρ1Bρ2 Eρ2 ρ2
Cρ3 Fρ3 ρ3
 . (4.3)
At this stage the harged lepton mass matrix is not yet diagonal, but not very far
from it: the omplete diagonalisation an be obtained by applying another nearly
diagonal rotation matrix on the right, orresponding to the mismath between V3
and V̂3, and a CKM-like rotation U3 on the left as desribed in Appendix A. Note
that suh a transformation from the left, as U4, in this ase ats on the right-handed
elds and leaves both H = m†m and the light neutrino Majorana mass matrix,
mν
e
= − (mD)⊤ (mN)−1mD, (4.4)
unhanged. In fat U4 ats in very good approximation as the unity matrix on m
N
up to terms O(v2/M˜2), while U3 just anels out.
So apart for the small rotation on the right needed to diagonalise H , whih
aets the CP violation in the neutrino osillation only weakly (see Setion 4.3), the
neutrino masses and mixings an be obtained from Eq. (4.4), in the form
mν
e
= −
 C2̺3 +B2̺2 + A2̺1 CF̺3 +BE̺2 + AD̺1 C̺3 +B̺2 + A̺1CF̺3 +BE̺2 + AD̺1 F 2̺3 + E2̺2 +D2̺1 F̺3 + E̺2 +D̺1
C̺3 +B̺2 + A̺1 F̺3 + E̺2 +D̺1 ̺3 + ̺2 + ̺1
 ,
(4.5)
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where ̺i = e
−2iφiρ2i /Mi. Note that the determinant of the (23)-submatrix of m
ν
e
is not of order ̺23; instead it reads ̺3̺2 (F −E)2 + ̺3̺1 (F −D)2 + ̺2̺1 (E −D)2,
allowing a large solar mixing angle [30℄.
The leading part of the light neutrino mass matrix (4.5) is obtained in the limit
µ1, ρ1 → 0. From the general expressions (A.24) one obtains
ρ1 = ρ˜1
1
µ3
1
M˜2
[
µ˜3M˜
2
123 − µ∗3M˜3M˜4
]
,
ρ2 =
1
µ3
1
M˜2
{
ρ˜2
[
µ˜3M˜
2
123 − µ∗3M˜3M˜4
]
− ρ2M˜2
[
µ˜3M˜4 + µ
∗
3M˜3
]}
,
ρ3 =
1
µ3
1
M˜2
{
ρ˜3
[
µ˜3M˜
2
123 − µ∗3M˜3M˜4
]
− ρ3
[
µ˜3M˜3M˜4 − µ∗3M˜2124
]}
, (4.6)
where we have introdued M˜αβγ =
√
M˜2α + M˜
2
β + M˜
2
γ .
In our model, the Dira neutrino mass matrix has a hierarhial struture similar
to the one of down quarks and harged leptons. The three smallest elements, however,
have a onsiderable unertainty. Sine me 6= md, these elements annot be equal for
the three matries. Inspetion ofmd suggests for ρ˜1 the range between md andmsVus;
the dierene is a fator O(1). In the following we shall onsider the ase of small
ρ˜1. For large ρ˜1 so that |̺1| > |̺3|, in the following disussion we should interhange
ρ3, ̺3 with ρ1, ̺1 and onsider it as the dominant sale.
We here assume ρ3 : ρ2 : ρ1 ∼ ρ˜3 : ρ˜2 : ρ˜1 ∼ mb : ms : md, whih yields [13℄
|̺2|
|̺3| ∼
ρ22
ρ23
M3
M2
∼ m
2
s
m2b
mt
mc
∼ 0.2 , |̺1||̺3| ∼
ρ21
ρ23
M3
M1
∼ m
2
d
m2b
mt
mu
∼ 0.2 , (4.7)
suh that ̺1 ∼ ̺2 < ̺3. Hene, in this model, the weak hierarhy in the neutrino
setor an be traed bak to the nearly perfet ompensation between down and up
quark hierarhies.
The relation ̺1 ∼ ̺2 implies for the two small neutrino masses |m1| ∼ |m2|
barring anellations or small parameters. As omputed in Appendix A, the masses
at leading order assuming ̺3 to dominate are given by
m3 = −̺3
(
1 + |F |2 + |C|2) ,
|m2m1| = |̺2̺1| |(F −E)(A− B) + (D − E)(B − C)|
2
1 + |F |2 + |C|2 . (4.8)
The light neutrino mass spetrum has normal hierarhy, and the ratio m22/m
2
3 an
be identied with ∆m2
sol
/∆m2
atm
, whih is indeed onsistent with observations within
the theoretial unertainties.
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The oeients A . . . F of the neutrino mass matrix mν
e
beome in the limit
µ1, ρ1 → 0,
A = − ρ˜1
ρ1
µ2
µ2
µ3
µ3
M˜1
M˜
,
B =
ρ2µ˜2 − ρ˜2µ2
ρ2µ2
µ3
µ3
M˜1
M˜
,
C =
µ˜3ρ3 − µ3ρ˜3
ρ3µ3
µ2
µ2
M˜1
M˜
,
D =
ρ˜1
ρ1
1
µ2
1
µ23
1
M˜2
[
µ˜2 |µ3|2 M˜212 + µ∗2µ3M˜2
(
µ˜3M˜3 − µ∗3M˜4
)]
,
E = D +
ρ˜1
ρ1
ρ2
ρ2
1
µ2
1
µ3
1
M˜2
[
µ˜2µ
∗
3M˜2M˜3 + µ
∗
2
(
µ˜3M˜
2
13 − µ∗3M˜3M˜4
)]
,
F =
1
ρ3
1
µ2
1
µ23
1
M˜2
(ρ˜3µ3 − ρ3µ˜3)
[
µ˜2µ
∗
3M˜
2
12 + µ
∗
2M˜2
(
µ˜3M˜3 − µ∗3M˜4
)]
. (4.9)
Note that B, C, F vanish in the limiting ase of equal hierarhy in the neutrino
and harged lepton Dira mass matrix, i.e., for ρi/ρ˜i = µi/µ˜i, and A is in this ase
proportional to γµ1. In fat, if the neutrino and harged lepton vetors are perfetly
aligned in avour spae the neutrino Dira matrix beomes triangular at the same
time as the harged lepton one and we annot reprodue large neutrino mixing.
There is though no reason to expet suh alignment sine the parameters ρ˜i, µ˜i are
not related by any GUT relation, as an be seen in Eq. (2.3). So the large neutrino
mixing angles are not generated simply by the large LH rotation ontained in the
harged lepton's V̂3, but from its misalignment with the neutrinos.
Using the relations between ρ˜i, ρi and ρi, and µ˜i, µi and µi due to the hierarhial
struture of the mass matries in our model, one obtains the simple expressions,
A ∼ C ∼ µ2
µ2
, B ∼ ρ2
ρ2
− µ2
µ2
, D ∼ E ∼ F ∼ 1 . (4.10)
The mixing angles are omputed in Appendix A.2; in the ase the parameters
A, C are small, they are given by
tan θ23 ≃ |F | ,
tan θ12 ∼ |B||E − F |
√
1 + |F |2 ,
sin θ13 ∼ C√
1 + |F |2
+
B (EF + 1)(
1 + |F |2)3/2 |̺2||̺3| . (4.11)
The atmospheri mixing angle θ23 is naturally large; the urrent best t [29, 31℄
restrits the parameter F as 0.7 . |F | . 1.4 to have it maximal. Note that F ≥ 0.7
an naturally be obtained even for |ρ3| /ρ˜3 ∼ |µ3| /µ˜3, as disussed in Appendix A.2.
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For (µ2/µ2)e ∼ (µ2/µ2)d ∼ 0.1 one then obtains |C| ∼ 0.1 and a value for θ13
lose to the urrent upper bound. In this ase though, µ˜e1 has to be suppressed with
respet to the down quark ase in order to give a onsistently small me. The large
solar mixing θ12 an then be ahieved for B ∼ 0.1−1 with moderate tuning of E−F .
Another possibility is that a very small µ2 is alled for to explain the smallness
of the eletron mass. In this ase, we have naturally |A| , |C| ∼ 0.01 and the reator
angle is dominated by the seond term in Eq. (4.11). Then the angles θ12 and θ13
depend on the same parameter B, but for the seond one there is a suppression by
̺2/̺3. So in the ase of hierarhial ̺i, both a large and small angle an be explained
even with relatively large B. Suh value for B is not unnatural, even for small µ2,
if we aept ρ2 > (µ2)e. In this ase we have sin θ13 . 0.1 orrelated with the mass
eigenvalues m1 . m2 . m3. Note that in general, if all parameters A, B, and C are
smaller than one, we obtain the predition m1 < m2, while for B ∼ 1 the two lowest
eigenvalues are nearly degenerate.
The largest of the heavy neutrino masses is given by M3 ∼ m2t/
√
∆m2
atm
∼
1015 GeV. For the lightest heavy Majorana state the model provides the rough
estimate M1 ∼M3mu/mt ∼ 1010 GeV.
4.2 Neutrinoless Double Beta Deay (0νββ)
The simultaneous deay of two neutrons may result in neutrinoless double beta deay,
e.g.,
78
Ge → 76Se + 2e. This proess is urrently most promising to prove the
Majorana nature of neutrinos. The deay width an be expressed as
Γ = G
∣∣M2∣∣ |mee|2 , (4.12)
where G is a phase spae fator,M the nulear 0νββ matrix element, and mee is the
(11)-element of the light neutrino mass matrix.
Sine the eletron mass is very small, the harged lepton mass matrix in trian-
gular form has nearly a vanishing rst row. Then the left-handed eletron is already
singled out; the remaining rotation mostly aets the (23)-blok. Therefore we an
already make an estimate of mee from the eetive neutrino Majorana matrix, m
ν
e
.
From Eq. (4.5), we read o
|mee| =
∣∣C2̺3 +B2̺2 + A2̺1∣∣ , (4.13)
where the last term an be negleted. This result has the same form as the standard
formula in the ase of hierarhial neutrinos [32℄,
|mee| =
∣∣∣∣√∆m2atm sin2 θ13ei(ξ3−ξ2) +√∆m2sol sin2 θ12 cos2 θ13∣∣∣∣ , (4.14)
where ξ3 and ξ2 are the two Majorana phases in the onventional parametrization of
neutrino mass matrix (A.34).
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We an estimate the size of |mee| in our model using
|ρ3| ≃ ρ˜3, |µ3| ≃ µ˜3, ρ2
ρ2
∼ 1, |̺3| ≃
√
∆m2
atm
, |̺2| ≃
√
∆m2
sol
, (4.15)
whih gives
|mee| ∼
∣∣∣∣µ22µ22
√
∆m2
atm
e2i(φ2−φ3) +
ρ22
ρ22
√
∆m2
sol
∣∣∣∣ . (4.16)
Clearly, the last term dominates, yielding the familiar result for hierarhial neutrinos
|mee| ∼<
√
∆m2
sol
∼ 0.01 eV if µ2/µ˜2 ≪ ρ2/ρ˜2.
4.3 CP Violation in Neutrino Osillations
Leptoni CP violation at low energies an be deteted via neutrino osillations, whih
are sensitive to the Dira phase of the light neutrino mass matrix. For a diagonal
harged lepton mass matrix, the strength of Dira-type CP violation is obtained from
the invariant [27℄
tr [hν , he]3 = 6i∆M 2e Im
[
(hν)12 (hν)23 (hν)31
]
, (4.17)
where hν = (mν)†mν and ∆M 2e is the produt of the mass squared dierenes of the
harged leptons, f. Eq. (3.2). This quantity is onneted to the leptoni equivalent
of the Jarlskog invariant through
Jℓ = − 1
M 2ν
Im
[
(hν)12 (hν)23 (hν)31
]
, (4.18)
where
∆M 2 =
(
m23 −m22
) (
m23 −m21
) (
m22 −m21
)
= δm2
sol
δm4
atm
∼ |̺2|2 |̺3|4 (4.19)
is now the produt of the light neutrino mass squared dierenes. In the standard
parametrisation given in Eq. (A.34),
Jℓ = Im [(Vν)11(Vν)22(Vν)
∗
12(Vν)
∗
21] =
1
8
cos θ13 sin 2θ13 sin 2θ12 sin 2θ23 sin δ , (4.20)
where δ is the CP violating Dira phase in the SM with massive neutrinos.
The expressions (4.18) and (4.20) assume that the harged lepton mass matrix
is diagonal. In our ase, this matrix is nearly diagonal after the V̂3 rotation, as
the eletron mass is very small; in fat, the remaining rotation V ′3 deviates from a
unit matrix only in the 23 setor and at order O (m2µ/m2τ) ≪ 1 (see Eq. (A.13)).
Therefore up to orretions of this order, we an use Eq. (4.18) with the eetive
neutrino mass matrix mν
e
given in Eq. (4.5), i.e.,
Jℓ = − 1
M 2ν
Im
[
(hν
e
)12 (hν
e
)23 (hν
e
)31
]
, (4.21)
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with now hν
e
= (mν
e
)†mν
e
. We ompute the rst few terms and obtain
(hν
e
)12=
C∗F |m3|2
1+|F |2+|C|2+ C
∗E (1+F ∗E+C∗B) ̺2̺
∗
3+B
∗F (1+F ∗E+C∗B)∗ ̺∗2̺3 ,
(hν
e
)23=
F ∗ |m3|2
1+|F |2+|C|2+ F
∗ (1+F ∗E+C∗B) ̺2̺
∗
3 + E
∗ (1+F ∗E+C∗B)∗ ̺∗2̺3 ,
(hν
e
)31=
C |m3|2
1+|F |2+|C|2 +B (1+F
∗E+C∗B) ̺2̺
∗
3 + C (1+F
∗E+C∗B)∗ ̺∗2̺3 .
(4.22)
The leading ontribution in the yli produt of hν
e
, whih is ∝ |m3|6, is real and
does not ontribute to Jℓ; that is to be expeted sine it orresponds to the limit of
two massless neutrinos where no physial Dira phase an be dened. In general the
rst non-trivial terms are of order |̺3|4 |̺2|2, as ∆M 2ν , so that we expet |Jℓ| ∼< 1.
We obtain in fat
Jℓ ∼
(
1 + |B|2 + |E|2) (|E|2 − |F |2 + |B|2 − |C|2)(
1 + |F |2 + |C|2)3 Im [C∗F (F −E)∗(B − C)] .
(4.23)
Note that the imaginary part vanishes for E = F or B = C, when the avour eigen-
vetors are partially aligned. Furthermore, the ontribution disappears for C = 0, so
it is suppressed by the small reator angle as expeted. Due to the unknown param-
eters O(1), no useful upper bound on Jℓ an be derived in the general ase, but we
see that the Dira CP phase is given by a ombination of the phases of the neutrino
Dira mass oeients B, C, E and F , derived from the omplex parameters µ3, µ2,
ρ3, ρ2. No dependene arises from the heavy neutrino Majorana phases φ3,2 sine
they anel out in |̺3|4 |̺2|2.
In the limit µ2 → 0, where A = C = 0, but with B of order unity, the dominant
ontribution to Jℓ omes from higher order terms. We an obtain it from
(hν
e
)12 = B∗F (1 + F ∗E)∗ ̺∗2̺3 +B
∗E
(
1 + |B|2 + |E|2) |̺2|2 ,
(hν
e
)23 = F ∗ |̺3|2
(
1 + |F |2)+ F ∗ (1 + F ∗E) ̺2̺∗3 + E∗ (1 + F ∗E)∗ ̺∗2̺3 ,
(hν
e
)31 = B (1 + F ∗E) ̺2̺
∗
3 +B
(
1 + |B|2 + |E|2) |̺2|2 . (4.24)
Note that the leading term, proportional to |B|2 |̺3|4 |̺2|2, is real, and in fat we did
not have any |B|2 ontributions at that order above. Hene, we onsider the next
terms,
(hν
e
)12 (hν
e
)23 (hν
e
)31 ∝ (1 + F ∗E)F ∗ (κ1E + κ2F ) ̺2̺∗3
+ (1 + F ∗E)∗ F (κ1F
∗ + κ2E
∗) ̺∗2̺3 , (4.25)
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where we dened the real parameters
κ1 =
(
1 + |B|2 + |E|2) (1 + |F |2) ,
κ2 = |1 + E∗F |2 . (4.26)
Note again that the two terms in Eq. (4.25) are exatly onjugate to eah other
for E = F when the two heavy eigenstates are nearly aligned. In this limit tan θ12
beomes maximal. Therefore, if B gives the dominant ontribution, the Dira type
CP violation is suppressed for maximal solar angle. The CP invariant vanishes as
well if B = 0 as the system eetively redues to two generations and sin θ13 = 0
(reall that we are already in the limit A = C = 0). We then obtain
Im
[
(hν
e
)12 (hν
e
)23 (hν
e
)31
]
= |B|2 |̺2|2 |̺3|4 (κ1 − κ2) Im (Ω) (4.27)
with
Ω = (1 + EF ∗)F ∗ (E − F ) ̺2
̺3
,
whih yields
Jℓ ∼ − |B|2 (κ1 − κ2) Im (Ω) . (4.28)
Comparison with Eq. (4.20) shows then that in this ase the standard Dira phase δ is
a ompliated funtion of the phases of µ3, ρ3, ρ2 in the leptoni Dira mass matries,
the dierene between two of the Majorana phases ∆φ32 and neutrino masses. It is
suppressed by the ratio |̺2| / |̺3|, as is sin θ13.
Whenever only few of the parameters in the Dira neutrino mass matrix mat-
ter, we expet orrelations between the lightest eigenvalue, the mixing angles and
the maximal value for Jℓ. In Appendix A.2, we onsider the simple ase where B
dominates and the lightest eigenvalue m1 vanishes; then all the observables are only
funtion of B, E, F , ̺2/̺3 and we show relations among them. In this spei ase,
even allowing for the unertainty on the phases, upper bounds an be obtained for
sin θ13, mee and Jℓ. In the more general ase, subleading terms and other parameters
beome important and relax any suh bounds.
4.4 Leptogenesis
The out-of-equilibrium deays of heavy Majorana neutrinos is a natural soure of
the osmologial matter-antimatter asymmetry [33℄. In reent years this leptogenesis
mehanism has been studied in great detail. The main ingredients are CP asymmetry
and washout proesses, whih depend on neutrino masses and mixings.
It is onvenient to work with a diagonal and real matrix for the right-handed
neutrinos, whih is obtained from mN by the phase transformation
PM = diag
(
e−iφ1 , e−iφ2 , e−iφ3
)
. (4.29)
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For hierarhial heavy neutrinos the generated baryon asymmetry is dominated by
deays of the lightest state N1. In supersymmetri models the orresponding CP
asymmetry is [34℄
ε1 = − 3
8π
∑
i
Im (M21i)
M11v2u
M1
Mi
, M = PM m̂
Dm̂D†P ∗M , (4.30)
where the matrix elements are given, analogously to Eq. (3.10),
Mij = e
i∆φji ρ˜iρ˜j
(
1− bib∗j
)
, bi ≡ ρ˜iM˜4 + ρiM˜i
ρ˜iM˜
. (4.31)
The terms involving one index 1 simplify for ρ1 = 0 as
M11 = ρ˜
2
1
(
1− M˜
2
4
M˜2
)
,
M1j = e
i∆φj1 ρ˜1ρ˜j
(
1− M˜4
M˜
ρ˜jM˜4 + ρ
∗
jM˜j
ρ˜jM˜
)
. (4.32)
The result then reads
ε1 ≃ 3
8π
M1
v2u
(
1− M˜
2
4
M˜2
)−1 ∑
j=2,3
ρ˜2j
Mj
ηj , (4.33)
where
ηj = − Im
ei∆φj1 (1− M˜4
M˜
ρ˜jM˜4 + ρ
∗
jM˜j
ρ˜jM˜
)2 . (4.34)
Sine ρ˜22M3/(ρ˜
2
3M2) ∼ 0.2, the CP asymmetry is dominated by the intermedi-
ate state N3, i.e., ε1 ≃ 3/(8π)M1
√
∆m2
atm
/v2u. In any ase, the phases involved,
∆φ13,∆φ12 and the phases of ρ3, ρ2, are ompletely independent of the low-energy
CP violating phase in the quark setor and also not so diretly onneted to that
in neutrino osillations (even if they an ontribute to it). For M1 ∼ 1010GeV, one
obtains ε1 ∼ 10−6, with a baryogenesis temperature TB ∼ M1 ∼ 1010 GeV. These
are typial parameters of thermal leptogenesis [35, 36℄.
The strength of the washout proesses ruially depends on the eetive neutrino
mass
m˜1 =
M11
M1
=
ρ˜21
M1
(
1− M˜
2
4
M˜2
)
∼ ̺1 ∼< 0.01 eV . (4.35)
With the eieny fator [37℄
κf ∼ 10−2
(
0.01 eV
m˜1
)1.1
∼ 10−2 , (4.36)
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one obtains for the baryon asymmetry
ηB ∼ 10−2εκf ∼ 10−8κf ∼ 10−10 , (4.37)
onsistent with observation. So for suessful leptogenesis we need a non vanishing
ρ˜1, ̺1 and in partiular ̺1 ∼ ̺2. In suh ase a zero neutrino eigenvalue is only
possible due to alignment.
In the above estimate of the baryon asymmetry we have summed over the lepton
avours in the nal state. In general, the CP asymmetries as well as the washout pro-
esses depend on the lepton avour, whih an lead to a onsiderable enhanement
of the generated baryon asymmetry [38, 39℄. The neutrino masses M1 ∼ 1010 GeV,
m˜1 ∼ 0.01 eV lie in the `fully avoured regime' where these eets an indeed be im-
portant [40℄. Hene, depending on the CP violating phases the generated asymmetry
may be signiantly larger than the estimate (4.37).
5. Conlusions
We have studied in detail a spei pattern of quark and lepton mass matries ob-
tained from a six-dimensional GUT model ompatied on an orbifold. Up quarks
and right-handed neutrinos have diagonal 3 × 3 matries with the same hierarhy
whereas down quarks, harged leptons and Dira neutrino mass terms are desribed
by 4× 4 matries whih have one large eigenvalue O(M
GUT
). The origin of this pat-
tern are diagonal mass terms for three ordinary quark-lepton families together with
large mixings O(M
GUT
) with a pair of SU(5) (5+ 5¯) plets. This vetorial fourth
generation though is made of dierent split multiplets allowing for a relaxation of
GUT relations. The six mass parameters of the model in the quark setor an be
xed by the up and down quark masses. This pattern of mass matries has several
remarkable features: The CKM matrix is orretly predited and the eletron mass
is naturally dierent from the down quark mass.
The mismath between down and up quark mass hierarhies leads, via the seesaw
mehanism, to three light neutrino masses with a muh milder hierarhy. Left-handed
leptons and right-handed quarks have large mixings. This leads to large neutrino
mixings and to small CKM mixings of the left-handed down quarks in agreement
with observation.
Fators O(1) of the mass matries are unknown, and the preditive power of
the model is therefore limited. The neutrino mixings sin θ23 ∼ 1 and sin θ13 . 0.1
are naturally aommodated. The orresponding neutrino masses are m1 . m2 ∼√
∆m2
sol
< m3 ∼
√
∆m2
atm
and |mee| ∼
√
∆m2
sol ∼< 0.01 eV.
The elements of the mass matries arise from a large number of dierent oper-
ators. Hene, most of the CP violating high-energy phases are unrelated. We nd
that the measured CP violation in the quark setor an be obtained, even if the CP
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invariant is suppressed by the alignment between the two lightest mass eigenstates.
Due to the unertainties of O(1) fators no useful upper bound on the CP violation
in neutrino osillations is obtained in general. Some onstraints an be given in the
limited ase where the number of dominant parameters is redued, as it happens if
the parameters A, C in the neutrino Dira mass matrix are suppressed by the small-
ness of the eletron mass. It is indeed intriguing that in our setting the smallness
of the reator angle an be onneted to the lightness of the eletron. The model
is onsistent with thermal leptogenesis, with a possible enhanement of the baryon
asymmetry by avour eets.
We onlude that mixings O(M
GUT
) of three sequential quark-lepton families
with vetorial split multiplets, a pair of lepton doublets and right-handed down
quarks, an aount simultaneously for small quark mixings and large neutrino mix-
ings in the harged weak urrent and, orrespondingly, for hierarhial quark masses
together with almost degenerate neutrino masses. The CP phases in the quark se-
tor, neutrino osillations and leptogenesis are unrelated. Quantitative preditions for
the lightest neutrino mass m1 and sin θ13 require urrently unknown O(1) fators in
more spei GUT models.
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A. Mass matries
We will disuss here the mass eigenvalues and the mixing matries for the low energy
theory in relation to the high energy parameters.
Given a general matrix of the form as in Eq. (2.4),
m =

µ1 0 0 µ˜1
0 µ2 0 µ˜2
0 0 µ3 µ˜3
M˜1 M˜2 M˜3 M˜4
 ,
where µi, µ˜i = O(v1,2) and M˜i = O(MGUT), the matries U4 and V4 that single out
the heavy state an be given as [14℄
U4 ≃

1 0 0 µ1
fM1+eµ1 fM4
fM2
0 1 0 µ2
fM2+eµ2 fM4
fM2
0 0 1 µ3
fM3+eµ3 fM4
fM2
−µ1 fM1+eµ1 fM4
fM2
−µ2 fM2+eµ2 fM4
fM2
−µ3 fM3+eµ3 fM4
fM2
1
 , (A.1)
V4 =

fM4√
fM2
1
+fM2
4
0 −fM1
√
fM2
2
+fM2
3
fM
√
fM2
1
+fM2
4
fM1
fM
0
fM3√
fM2
2
+fM2
3
fM2
√
fM2
1
+fM2
4
fM
√
fM2
2
+fM2
3
fM2
fM
0 − fM2√
fM2
2
+fM2
3
fM3
√
fM2
1
+fM2
4
fM
√
fM2
2
+fM2
3
fM3
fM
− fM1√
fM2
1
+fM2
4
0 −fM4
√
fM2
2
+fM2
3
fM
√
fM2
1
+fM2
4
fM4
fM

, (A.2)
with M˜ =
√∑
i M˜
2
i . In general V4 ontains large mixings, while U4 is approximately
the unity matrix, up to terms O (v/M˜). Next, U3 and V3 = V̂3V ′3 diagonalise
m′ = U †4mV4 =
(
m̂ 0
0 M˜
)
+O
(
v2
M˜2
)
,
so both U3 and V3 have a non-trivial 3 × 3 part only. In the following we will use
the symbols U3, V3 both for the that non-trivial upper-left orners and the full 4× 4
matries obtained adding a row and olumn of zeros and a diagonal 1 to those. The
eetive mass matrix m̂ an be brought into the upper triangular form by a unitary
matrix V̂3 ∼ V3 suh that
m = m̂ V̂3 =
γµ1 µ1 βµ10 µ2 αµ2
0 0 µ3
 .
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With vi = (m̂i1, m̂i2, m̂i3), the new basis is given by
~e3 =
~v3
|~v3| , ~e2 =
~v2
|~v2| −
~e∗3 · ~v2
~v2
~e3 , ~e1 = ~e2 × ~e3 . (A.3)
Note that V3 orresponds to a large angle rotation for the right-handed quark elds.
While µ3 and µ2 are real by onstrution, we have the freedom to hoose any
entry of the rst row to be real. For onrete alulations, it is onvenient to have
γµ1 real or even use the parameters as given in the basis (A.3); however, γµ1 vanishes
in the limit µ2 → 0, so for a general disussion, it is more appropriate to have µ1
real. Here, we list the entries of m with γµ1 real in a general form,
µ3 = |v3| =
√
|µ3|2 + |µ˜3|2 − 1fM
∣∣∣µ3M˜3 + µ˜3M˜4∣∣∣2 ,
αµ2 =
µ˜2µ˜
∗
3
µ3
− µ2M˜2 + µ˜2M˜4
M˜
µ∗3M˜3 + µ˜3M˜4
µ3M˜
,
µ2 =
√
|µ2|2 + |µ˜2|2 − 1fM2
∣∣∣µ2M˜2 + µ˜2M˜4∣∣∣2 − |αµ2|2 ;
βµ1 =
µ˜1µ˜3
µ3
− µ1M˜1 + µ˜1M˜4
M˜
µ∗3M˜3 + µ˜3M˜4
µ3M˜
,
µ1 = µ˜1
(
µ˜2
µ2
− α∗ µ˜3
µ3
)
− µ1M˜1 + µ˜1M˜4
M˜
[
M˜4
M˜
(
µ˜2
µ2
− α∗ µ˜3
µ3
)
+
µ∗2
µ2
M˜2
M˜
− α∗µ
∗
3
µ3
M˜3
M˜
]
γµ1 = |γµ1| =
√
|µ1|2 + |µ˜1|2 − 1fM2
∣∣∣µ1M˜1 + µ˜1M˜4∣∣∣2 − |µ1|2 (1 + |β|2). (A.4)
In partiular, we nd as well the simple expressions
αµ2
µ˜2
− βµ1
µ˜1
=
µ˜3M˜4 + µ
∗
3M˜3
µ3M˜
[
µ1
µ˜1
M˜1
M˜
− µ2
µ˜2
M˜2
M˜
]
(A.5)
γµ1 = −µ˜1µ2
µ2
µ3
µ3
M˜1
M˜
− µ1
[
µ˜2
µ2
µ3
µ3
M˜2
M˜
+
µ2
µ2
µ˜3M˜3 − µ3M˜4
µ3M˜
]
, (A.6)
These expressions vanish trivially in the limit µ1, µ2 → 0 and then we obtain the
limiting ase disussed in Setion 2. As already disussed in Setion 3, βµ1 is inde-
pendent of µ2.
A.1 Down Quarks and Charged Leptons
Mass Eigenvalues and Eigenvetors. Now take the matrixm as a starting point
and ompute the eigenvalues, eigenvetors and mixing matries. For making things
simpler, onsider for the moment all the parameters as omplex, even if atually µ3,
µ2, γµ1, or µ3, µ2, µ1 an be hosen real absorbing the phases into V3. To ompute
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the eigenvalues, it is better to onsider the hermitian matries m†m or mm†. The
rst option simply gives
m†m =
|µ1|2|γ|2 |µ1|2γ∗ |µ1|2γ∗β|µ1|2γ |µ2|2 + |µ1|2 |µ2|2α + |µ1|2β
|µ1|2γβ∗ |µ2|2α∗ + |µ1|2β∗ |µ3|2 + |µ2|2|α|2 + |µ1|2|β|2
 . (A.7)
Then the determinant is simply
det
(
m†m
)
= |det (m)|2 = |γ|2|µ1|2|µ2|2|µ3|2 (A.8)
and is only non-vanishing if γµ1 6= 0.
The eigenvalue equation is a ubi equation; to obtain the dominant terms, we
expand around γ = 0. In this ase the equation redues to a quadrati one with the
solutions
λ2/3 =
1
2
[|µ3|2 + |µ2|2(1 + |α|2) + |µ1|2(1 + |β|2)] (A.9)
± 1
2
√
[|µ3|2 − |µ2|2(1− |α|2)− |µ1|2(1− |β|2)]2 + 4
∣∣|µ2|2 α + |µ1|2 β∣∣2 .
So in this limit, we have eigenvalues at lowest order
λ3 = |µ3|2 + |µ2|2|α|2 + |µ1|2|β|2 +O
(
λ22
λ3
)
,
λ2 = |µ2|2 + |µ1|2 −O
(
λ22
λ3
)
, λ1 = 0 . (A.10)
We an also ompute the rst orretion to the zero eigenvalue simply as
λ1 =
det(m†m)
λ2λ3
=
|γ|2|µ1|2|µ2|2|µ3|2
|µ3|2(|µ2|2 + |µ1|2) ≃
|γ|2|µ1|2|µ2|2
|µ2|2 + |µ1|2
|µ1|≪|µ2|−−−−−−−→ |γ|2|µ1|2 . (A.11)
This means that for vanishing µ1 we have
md ≃ |γ||µ1| ≃ |µ2||µ2| |µ˜1| . (A.12)
Using the eigenvalues, we an also solve for the mixing matries at lowest order,
V ′3 =

1 0 0
0 1
|µ2|2α+|µ1|2β
|µ3|
0 − |µ2|2α∗+|µ1|2β∗
|µ3| 1
 , (A.13)
where we must reall that we had already ated on the mass matrix with a large
angle rotation V̂3, so the V
′
3 above is just a small orretion to it.
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For the left-handed quark elds, we have instead at leading order
U3 =

1
µ1
µ2
µ1β
µ3
−µ∗1µ∗
2
1
µ2α
µ3
µ∗
1
µ∗
3
(α∗ − β∗) −µ∗2α∗µ∗
3
1
 . (A.14)
Sine the up quark mass matrix is already diagonal, this last mixing matrix or-
responds to the CKM matrix. From U †3 mV
′
3 = m
diag
, we get V
CKM
= U3, so for
α = β we have the predition Vtd = (α
∗ − β∗)µ∗1/µ∗3 = 0 at leading order, and the
CP violation vanishes! On the other hand, Vub has the right order of magnitude as
we thought.
Quark Masses and Mixing Angles. We an reprodue the observed quark mass
eigenvalues and mixing, that satisfy the relations
mu : mc : mt ≃ λ7 : λ3 : 1 ,
md : ms : mb ≃ λ4 : λ2 : 1 , (A.15)
where λ ≃ Vus ∼ 0.22 is the Cabibbo angle. In fat, if we assume
µ1 : µ2 : µ3 ≃ λ7 : λ3 : 1 ,
µ˜1 : µ˜2 : µ˜3 ≃ λ3 : λ2 : 1 , (A.16)
it gives orretly
|Vus| ∼ |µ1||µ2| ∼
|µ˜1|
|µ˜2| ∼ λ , (A.17)
|Vub| ∼ |µ1||µ3| ∼
|µ˜1|
|µ˜3| ∼ λ
3 , |Vcb| ∼ |µ2||µ3| ∼
|µ˜2|
|µ˜3| ∼ λ
2 ;
moreover,
md ≃ |γ|√
1 + |α|2 |µ1| ≃
|µ2|
|µ2|
|µ˜1|
µ3
mb ≃ λλ3mb ≃ λ4mb . (A.18)
Again Vtd is suppressed by the dierene of α
∗−β∗ ≃ µ2/µ2, µ1/µ1, as is the Jarlskog
invariant, Jq.
Low-energy CP violation As disussed in the following Appendix, we an ex-
press the low-energy CP violation in the quark setion via an eetive Jarlskog
invariant. We alulate this invariant, using Eqs. (A.4). The dominant terms are
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displayed in Eq. (3.9); the omplete expression reads
Jq =
µ˜21µ˜
2
2µ˜
2
3
∆M 2d
{
M˜2M˜3
M˜2
[(
1− M˜
2
4
M˜2
)
Im
µ3µ
∗
2
µ˜3µ˜22
+
M˜3M˜4
M˜2
|µ3|2
µ˜23
Im
µ2
µ˜2
]
(A.19)
− M˜
2
2 M˜3M˜4
M˜4
|µ2|2
µ˜22
Im
µ3
µ˜3
− M˜1M˜3
M˜2
[(
1− M˜
2
4
M˜2
)
Im
µ3µ
∗
1
µ˜3µ˜1
+
M˜3M˜4
M˜2
|µ˜3|2
µ˜23
Im
µ1
µ˜1
]
+
M˜1M˜2
M˜2
[(
1− M˜
2
4
M˜2
)
+
M˜23
M˜2
|µ3|2
µ˜23
]
Im
µ2µ
∗
1
µ˜2µ˜1
+
M˜1M˜
2
2
M˜3
|µ2|2
µ˜22
[
M˜4
M˜
Im
µ1
µ˜1
− M˜3
M˜
Im
µ3µ
∗
1
µ˜3µ˜1
]
+
M˜21
M˜2
|µ1|2
µ˜21
[
M˜3M˜4
M˜2
Im
µ3
µ˜3
− M˜2M˜4
M˜2
Im
µ2
µ˜2
+
M˜2M˜3
M˜2
Im
µ3µ
∗
2
µ˜3µ˜2
]}
.
Charged Leptons. The harged leptons show a dierent hierarhy than the down
quarks, we have in fat
me : mµ : mτ ≃ λ5−6 : λ2 : 1
md : ms : mb ≃ λ4 : λ2 : 1 . (A.20)
The disrepany an be solved with a smaller value for (µ2µ˜1)e, ompared to (µ2µ˜1)d.
As an example, we hoose µe2 ≃ λ4 and µ˜e1 ≃ λ3−4 suh that
me ≃ |γ
e|√
1 + |α|2 |µ1| ≃
|µe2|
|µ2|
|µ˜e1|
µ3
mτ ≃ λ2λ3−4mτ ≃ λ5−6mτ . (A.21)
Regarding the rotations, the large V4 rotation ats now on the left-handed elds,
but it has to at on both the harged leptons and the neutrinos, so it has not a large
eet in the harged urrent. There is, however, an eet oming from the mismath
between the two V3's in the harged leptons and neutrino ases.
A.2 Neutrinos
The harged lepton mass matrix is eventually diagonalised via V3 = V̂3V
′
3 and U3 as
the down quark matrix. For the light neutrino Majorana mass matrix, given by
mν
e
= − (mD)⊤ (mN)−1mD, (A.22)
we an neglet the rotation U3 of the right-handed elds as this transformation
anels out. U4 does in priniple rotate the RH states, but its eet is suppressed as
long as Mi < M˜ . Regarding V3, we do not expet it to be the same for both harged
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and neutral leptons, so the mismath between the two provides avour mixing in the
neutrino setor.
The neutrino Dira mass matrix an be written after the large rotation V̂3 that
bring the harged lepton mass matrix into triangular form as
mD = m̂D V̂3 =
Aρ1 Dρ1 ρ1Bρ2 Eρ2 ρ2
Cρ3 Fρ3 ρ3
 , (A.23)
where
ρ1 =
1
µ3
1
M˜2
{
ρ˜1
[
µ˜3M˜
2
123 − µ∗3M˜3M˜4
]
− ρ1M˜1
[
µ˜3M˜4 + µ
∗
3M˜3
]}
,
ρ2 =
1
µ3
1
M˜2
{
ρ˜2
[
µ˜3M˜
2
123 − µ∗3M˜3M˜4
]
− ρ2M˜2
[
µ˜3M˜4 + µ
∗
3M˜3
]}
,
ρ3 =
1
µ3
1
M˜2
{
ρ˜3
[
µ˜3M˜
2
123 − µ∗3M˜3M˜4
]
− ρ3
[
µ˜3M˜3M˜4 − µ∗3M˜2124
]}
,
and, using the notation M˜αβ =
√
M˜2α + M˜
2
β ,
A = − 1
ρ1
1
µ2
1
µ3
1
M˜
{
ρ˜1µ2µ3M˜1 − ρ1
[
µ˜2µ3M˜2 + µ2
(
µ˜3M˜3 − µ3M˜4
)]}
,
B =
ρ2µ˜2 − ρ˜2µ2
ρ2µ2
µ3
µ3
M˜1
M˜
,
C =
µ˜3ρ3 − µ3ρ˜3
ρ3µ3
µ2
µ2
M˜1
M˜
,
D =
1
ρ1
1
µ2
1
µ23
1
M˜2
{
ρ˜1
[
µ˜2 |µ3|2 M˜212 + µ∗2µ3M˜2
(
µ˜3M˜3 − µ∗3M˜4
)]
+ ρ1M˜1
[
µ˜2µ
∗
3
(
µ3M˜4 − µ˜3M˜3
)
+ µ∗2M˜2
(
µ˜23 + |µ3|2
)]}
,
E =
1
ρ2
1
µ2
1
µ23
1
M˜2
{
ρ˜2
[
µ˜2 |µ3|2 M˜212 + µ∗2µ3M˜2
(
µ˜3M˜3 − µ∗3M˜4
)]
+ ρ2
[
µ˜2µ
∗
3M˜2
(
µ˜3M˜3 − µ3M˜4
)
+ µ∗2
(
µ˜23M˜
2
13 − 2 |µ3| µ˜3M˜3M˜4 cos θ3 + |µ3|2 M˜214
)]}
,
F =
1
ρ3
1
µ2
1
µ23
1
M˜2
(ρ˜3µ3 − ρ3µ˜3)
[
µ˜2µ
∗
3M˜
2
12 + µ
∗
2M˜2
(
µ˜3M˜3 − µ∗3M˜4
)]
. (A.24)
Note that we are here projeting the neutrino avour states into the basis dened
by the harged leptons as in Eq. (A.3). So we an immediately see that if the neutrino
avour vetors are aligned with the harged leptons B,C, F should vanish and the
neutrino mass matrix would beome triangular as well. This orresponds to having
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exatly the same hierarhy in the rows of the harged and neutral lepton Dira mass
matries, i.e.
µi
eµi
= ρi
eρi
. We do not expet suh alignment sine the parameters
ρ˜i, µ˜i are generated by dierent operators and not related by any GUT relation, as
an be seen from Eq. (2.3). We will onsider in the following the ase where the
neutrino hierarhies are similar to those of the down quark matrix, while the harged
leptons dier due to the lighter eletron mass. Of ourse even more involved senarios
are possible. In the following we neglet as well orretions oming from the nal
diagonalisation, sine the entries of V ′3 are suppressed by (µ2/µ2)
2
. 0.01.
Mass eigenvalues and eigenvetors. We need to ompute the eigenvalues of
the neutrino mass matrix and the rst step is again to ompute the determinant of
the matrix mν
e
. Note that this is a symmetri matrix, but not real. Therefore the
eigenvalues are in general omplex and the matrix is diagonalised using a unitary
matrix Vν as
V ⊤ν m
ν
e
Vν = diag (m1, m2, m3) . (A.25)
Consider for the moment just the absolute value of the eigenvalues and then see that
we have the relation
3
det (mν
e
) = −
(
det
(
mD
))2
det (mN)
. (A.26)
The last determinant is simply the produt of the heavy neutrino masses, while the
rst one is given by
det(mD) = ρ1ρ2ρ3 [(F − E)(A− B) + (D −E)(B − C)] . (A.27)
In order to have three non-vanishing eigenvalues, we need all ρi 6= 0 and at least one
of A, B, and C dierent from zero. Also the three vetors orresponding to the rows
of the Dira matrix must not be aligned with eah other. So we obtain
m1m2m3 = −̺1̺2̺3 [(F − E)(A− B) + (D −E)(B − C)]2
= −̺1̺2̺3 ρ˜1
ρ1
ρ2
ρ2
ρ3
ρ3
1
µ22
1
µ23
1
M˜2
M˜1
M˜
(A.28)
×
{
µ˜22 |µ3|2 M˜212 + 2 |µ2| µ˜2 |µ3| M˜2
[
µ˜3M˜3 cos (θ2 − θ3)− µ3M˜4 cos θ2
]
+ |µ2|2
[
µ˜23M˜
2
13 − 2 |µ3| µ˜3M˜3M˜4 cos θ3 + |µ3|2 M˜214
]}
,
for ρ1 = 0, where ̺i = e
−2iφiρ2i /Mi.
3
Note that for a n× n mass matrix, the minus sign on the r.h.s. gives a (−1)n ontribution.
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Singling out the heaviest mass eigenstate. In the ase when ̺3 ≫ ̺2,1, it is
easy to single out the heaviest eigenstate:
(v0ν,3)
⊤ =
1√
1 + |F |2 + |C|2 (C
∗, F ∗, 1) , (A.29)
and the mass eigenvalue to lowest order is given by
m03 = −̺3
(
1 + |F |2 + |C|2) . (A.30)
Then up to a rotation in the 12 submatrix, at lowest order the mixing matrix an be
written as
V 0ν =

√
1+|F |2√
1+|F |2+|C|2
0 C
∗√
1+|F |2+|C|2
−CF ∗√
1+|F |2+|C|2
√
1+|F |2
1√
1+|F |2
F ∗√
1+|F |2+|C|2
−C√
1+|F |2+|C|2
√
1+|F |2
−F√
1+|F |2
1√
1+|F |2+|C|2
 ; (A.31)
this is the basis whih gives deoupling of the rst eigenstate in the limit of vanishing
C. From this matrix, we an diretly read o the dominant part of the mixing angles
with the heavy eigenstate, θ23 and θ13. The harged lepton mass matrix is nearly
diagonal, so we an atually relate with good auray the rst row to the eletron
neutrino avour. The left-handed harged lepton avour eigenstates are given as a
funtion of the mass eigenstates by
ℓf =
(
V̂3V
′
3
)†
ℓi (A.32)
and therefore the neutrino avour eigenstates orrespond to
νf =
(
V̂3V
′
3
)†
V̂3Vννi = (V
′
3)
†
Vννi , (A.33)
where V̂3 anels out as it ats equally on the whole lepton doublet; moreover, as we
have seen, V ′3 is limited to the 23 orner and does not modify the eletron entry. We
use here the onvention of [32℄, and dene the PMNS matrix as
Vν =
 c13c12 c13s12 s13−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ c13s23eiδ
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c13c23eiδ
1 0 00 eiξ2/2 0
0 0 eiξ3/2

=
1 0 00 c23 s23
0 −s23 c23
 c13 0 s13e−iδ0 1 0
−s13eiδ 0 c13
 c12 s12 0−s12 c12 0
0 0 1
1 0 00 eiξ2/2 0
0 0 ei(δ+ξ3/2)
 ,
(A.34)
where cij = cos θij , sij = sin θij , δ is the Dira phase and ξ1,2 are the Majorana
phases.
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So we have at lowest order for θ13 that
(V 0ν )13 = sin θ13 ≃
|C|√
1 + |F |2 + |C|2
. (A.35)
This gives us diretly a onstraint on the parameter C from the upper bound on
|sin θ13| ≤ 0.1:
|C| ≃
√
1 + |F |2 + |C|2 |sin θ13| . 0.1
√
1 + |F |2. (A.36)
Then sine the mixing with the rst avour is small, the atmospheri mixing matrix
is given simply by requiring the 23 orner of the matrix in Eq. (A.31) to give
V
atm, 23 =
(
cos θ23 sin θ23e
−iξ23
− sin θ23eiξ23 cos θ23
)
. (A.37)
So onsidering the 23 setor, we get, again at lowest order,
ξ23 = arg (F ) ,
tan θ23 = |F | . (A.38)
To have large mixing angle tan 2θ23 ≥ 3 [29, 31℄, we must restrit |F | between
0.7 ≤ |F | ≤ 1.4 . (A.39)
Suh a value is natural in the ase where ρ3, ρ˜3 and µ3, µ˜3 are of the same order
but not exatly equal, while µ2 is small. Note that even a phase dierene an be
important. Assuming simply
ρ3
eρ3
= eiω3 µ3
eµ3
and degenerate M˜i gives
|F | = 2
√
2(1− cosω3)
3− cosω3 , (A.40)
so we obtain |F | = 1 for the maximal phase dierene ω3 = π, while |F | ≥ 0.7 arises
in the wide interval 0.26 π ≤ ω3 ≤ 1.73 π. Hene, a nearly maximal atmospheri
angle is natural even for the most simple hoie of parameters. Of ourse, more
solutions are possible for the general ase.
Thus in order to reprodue the observed pattern of mixing parameters, C has to
be small, while |F | is nearly unity. We an use the maximal value for |F | and the
experimental bound on θ13 to derive an upper limit on |C|,
|C| ≤ 0.17 , (A.41)
in agreement e.g. with the ratio
µ2
eµ2
neessary to have a small eletron mass. Note,
however, that we an obtain signiant orretions from ̺2,1 6= 0.
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Light eigenstates and solar mixing angle. The other two eigenvalues and the
orretion to the heavy mass an be obtained from the trae and determinant of the
matrix (mν
e
)†mν
e
, whih an be omputed in any basis. Expanding both the mass
matrix and the eigenvalues to rst order,
mν
e
= m̺3 +m̺1,2 ,
m3 = m
0
3 + δm3 while m1,2 = δm1,2 , (A.42)
we have then
δm3 =
tr
[
m†̺3m̺1,2
]
(m03)
∗
, |m1|2 + |m2|2 + |δm3|2 = tr
[
m†̺1,2m̺1,2
]
,
|m2|2 |m1|2 = |det(m
ν
e
)|2
|m3|2
. (A.43)
Choosing the basis appropriately, the relations an be simplied to give
δm3 =
(
(V 0ν )
⊤m̺1,2V
0
ν
)
33
,
|m1|2 + |m2|2 =tr
[
m†̺1,2m̺1,2
]
− ∣∣((V 0ν )⊤m̺1,2V 0ν )33∣∣2 ,
|m2|2 |m1|2 ∼ |̺1̺2|2 |(F −E)(A− B) + (D − E)(B − C)|
2(
1 + |F |2 + |C|2)2 . (A.44)
We will give the result of these expressions for vanishing C and ̺1 = q̺2:
δm3 =̺2
(1− FE)2 + q(1− FD)2
1 + |F |2 ,
tr
[
m†̺1,2m̺1,2
]
= |̺2|2
[
|1 + q|2 + ∣∣E2 + qD2∣∣2 + ∣∣B2 + qA2∣∣2
+2 |BE + qAD|2 + 2 |B + qA|2 + 2 |E + qD|2] ,
|m2|2 |m1|2 ∼ |̺2|4 |q|2 |A(F − E) +B(D − F )|
4(
1 + |F |2)2 . (A.45)
Then the mass splitting whih should generate the solar osillations is given by
δm2
sol
=
√(|m1|2 + |m2|2)2 − 4 |m2|2 |m1|2
=
|̺2|2
(1 + |F |2)2
{[(
1 + |F |2)2 (|1 + q|2 + ∣∣E2 + qD2∣∣2 + ∣∣B2 + qA2∣∣2
+ 2 |BE + qAD|2 + 2 |B + qA|2 + 2 |E + qD|2)
− ∣∣(1− FE)2 + q(1− FD)2∣∣2]2
− 4 |q|2 (1 + |F |2)2 |A(F − E) +B(D − F )|4}1/2 . (A.46)
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So the solar neutrino mass splitting an be mathed even in the ase q = 0 or
A (F − E) + B (D − F ) = 0, i.e., when the lightest neutrino is massless. However,
we do not expet the rst limit to be realised, if we assume the same hierarhies
between ρ¯i as in the µ¯i in the down quark setor, while for Mi as the up quark
setor. In that ase we have in fat |̺2| ∼ |̺1| and the two lighter eigenvalues are
similar in sale, m1 ≃ m2 ≃
√
δm2
sol
. On the other hand, the determinant ould be
suppressed by alignment, i.e., for |A (F − E) +B (D − F )| ≪ 1, and ould give us a
hierarhy also between the two light eigenvalues.
We an then ompute the solar mixing angle and the rst order orretions to
the Ve3 mixing parameter. After rotating with the V
0
ν matrix, we an estimate the
solar angle by using only the 12 part of the mass matrix; for C ≃ 0 the matrix is
given by
m̺1,2(12) =
 B2̺2 + A2̺1 B̺2 E−F√1+|F |2 + A̺1 D−F√1+|F |2
B̺2
E−F√
1+|F |2
+ A̺1
D−F√
1+|F |2
̺2
(E−F )2
1+|F |2
+ ̺1
(D−F )2
1+|F |2
 . (A.47)
Taking the solar mixing matrix as in Eq. (A.37) with θ23, ξ23 → θ12, ξ12 we obtain
e−iξ12 =
(m̺1,2)12(m̺1,2)
∗
11 + (m̺1,2)22(m̺1,2)
∗
12∣∣(m̺1,2)12(m̺1,2)∗11 + (m̺1,2)22(m̺1,2)∗12∣∣ ,
tan 2θ12 =
2
∣∣(m̺1,2)12(m̺1,2)∗11 + (m̺1,2)22(m̺1,2)∗12∣∣∣∣(m̺1,2)22∣∣2 − ∣∣(m̺1,2)11∣∣2 =
2
√
1 + |F |2 |N |
D ,
where, for q = ̺1/̺2,
N = [B(E − F ) + qA(D − F )] (B2 + qA2)∗ (1 + |F |2)
+
[
(E − F )2 + q (D − F )2] [B (E − F ) + qA (D − F )]∗ ,
D = ∣∣(E − F )2 + q (D − F )2∣∣2 − ∣∣B2 + qA2∣∣2 (1 + |F |2)2 .
In order to have a large solar mixing angle, either Aq or B must not be small
ompared to E − F and D − F . But sine A, C ∝ µ2
eµ2
, we are led to the ase
A = C ∼ 0 , B = ρ2
ρ2
M˜1
M˜
= O (1) . (A.48)
Then we an neglet the terms proportional to A and we have simply
tan 2θ12 = 2 |B| |E − F |
√
1 + |F |2 |B|
2 (1 + |F |2) + |E − F |2 + q(D − F )2 (E−F )∗
E−F∣∣(E − F )2 + q (D − F )2∣∣2 − |B|4 (1 + |F |2)2 .
(A.49)
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This formula simplies further if we neglet the q (D − F ) terms as well.4 Then using
general trigonometri formulae leads to the expression in Eq. (4.11),
tan θ12 ≃ |B||E − F |
√
1 + |F |2 . (A.50)
Taking the experimental value for the solar angle, tan2 θ12 = 0.45± 0.05, gives us for
|F | ∼ 1 the range |B| ∼ (0.45− 0.50) |E − F |.
We an also ompute the orretions of order ̺1,2 to the other two mixing angles,
that we have disussed in the lowest order. In fat, sine µ2 ≪ µ˜2, the ontribution
(A.35) is small and the leading ontribution to θ13 omes from the B̺2 term,
(V (1)ν )13 = sin θ13 ≃
|B (EF + 1)|(
1 + |F |2)3/2 |̺2||̺3| ∼ |B| m2m3 ∼ 0.2 |B| . (A.51)
So even for vanishing leading order, we expet the rst order term to bring θ13 near
to the experimental bound. Note that it is the large solar angle that naturally gives
θ13 ∼ ̺2/̺3; in our model it seems pretty diult to suppress this angle to muh
smaller values, apart if there is a tuned anellation between zero and rst order.
The orretions to the atmospheri angle are of the same order ̺2/̺3 and do
not have a large eet sine we need in any ase large parameters in the 23 setor.
This small shift an in fat be easily ompensated by a small hange in the value of
F , espeially sine we do not have any partiular symmetry in the model imposing
F = 1.
Sum Rules for B dominane and vanishing m1. We have seen in the previous
paragraph that in ase of vanishing C, A and ̺1, simple expressions an be obtained
for all observables as funtions of only few parameters B, E, F and ̺3,2. Then it is
possible to obtain relations between the dierent observables,
tan θ23 = |F | ,
tan θ12 =
|B|
|E − F |
√
1 + |F |2 ,
sin θ13 =
|B (EF + 1)|(
1 + |F |2)3/2 |̺2||̺3| ,
δm
sol
δm
atm
=
|̺2|
|̺3|
√
(1 + |F |2)2 (1 + |E|2 + |B|2)2 − |1− FE|4(
1 + |F |2)2 . (A.52)
4
Note that taking A = C = D − F = 0 gives a zero determinant for the neutrino mass matrix,
so this ase applies when the lightest eigenvalue is suppressed ompared to the solar mass sale.
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Now we an write the following relation,
sin θ13
tan θ12
δm
atm
δm
sol
=
|E − F | |EF + 1|√[(
1 + |F |2) (1 + |E|2)+ |E − F |2 tan2 θ12]2 − |1− EF |4 .
(A.53)
To estimate its value, we an use the fat that |F | ∼ 1 and vary only |E| and the
phases of E, F . We obtain then a maximal value of the r.h.s. for EF = 1 so that
sin θ13 ≤ δmsol
δm
atm
tan θ12
1 + tan2 θ12
≃ 0.09 . (A.54)
Of ourse, the angle θ13 an always be redued by an appropriate hoie of the phases
and in partiular for E = F , so that there is no lower bound in this type of models.
The eetive neutrino Majorana matrix, whih is relevant for neutrinoless double
beta deay, simplies suh that
|mee| = |B|2 |̺2|
= δm
sol
tan2 θ12 |E − F |2√[(
1 + |F |2) (1 + |E|2)+ tan2 θ12 |E − F |2]2 − |1− FE|4 . (A.55)
Again varying the phases and the modulus of E, we nd the maximal value for
EF = −1,
|mee| ≤ δmsol tan θ12√
2 + tan2 θ12
∼ 0.43 δm
sol
. (A.56)
Moreover, we an give a simple relation between mee and the reator angle,
|mee|
δm
atm
=
|E − F |
|EF + 1| sin θ13 tan θ12 . (A.57)
Note that the singular value for EF +1 = 0 orresponds to a vanishing reator angle.
We an even derive a maximal value for the Dira CP violation for this ase.
From Eqs. (4.21) and (4.27) we get
Jℓ = − |B|
2 (κ1 − κ2) Im (Ω)
(1 + |F |2)2
[
(1 + |F |2)2 (1 + |E|2 + |B|2)2 − |1− EF |4] (A.58)
= −|E − F |
4
1 + |F |2
tan2 θ12 (1 + tan
2 θ12) Im (Ω)[(
1 + |F |2) (1 + |E|2)+ |E − F |2 tan2 θ12]2 − |1−EF |4
= − δmsol
δm
atm
|E − F |4
1 + |F |2
tan2 θ12 (1 + tan
2 θ12) Im
[
(1 + EF ∗)F ∗ (E − F ) ei∆23][((
1+|F |2) (1+|E|2)+|E−F |2tan2 θ12)2−|1−EF |4]3/2 ,
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where ∆23 is the phase of ̺2/̺3. Again, the prefator is maximal for EF = −1 and
E = −F , giving
|Jℓ| ≤ δmsol
δm
atm
1 + tan2 θ12
2 tan θ12 (2 + tan
2 θ12)
3/2
|sin∆23| ≤ 0.06 . (A.59)
Here the imaginary part is only given by the phase ∆23, but in more general ases the
phases of E and F will play a role as well. So even for the CP violation in the leptoni
setor, the model displays a suppression given by the ratio of the mass eigenvalues.
Contrary to the quark ase, however, the CP violation is not proportional to the
smallest mass eigenvalue, but it an be non-vanishing even for m1 = 0.
B. CP Violation and Weak Basis Invariants
For ompleteness we disuss here the CP invariants in the ase of an additional
vetorial state. We prove that if the additional state is muh heavier than the
eletroweak sale, the low energy CP violation an be expressed by the Jarlskog
invariant dened from an eetive 3× 3 down quark mass matrix.
The transformation of a Dira spinor ψ(t, ~x) under parity and harge onjugation
is given by
P ψ(t, ~x) P−1 = ηP γ
0ψ(t,−~x),
C ψ(t, ~x) C−1 = ηC Cψ¯(t, ~x)
⊤,
(B.1)
where ηP,C are non-observable phases. The matrix C obeys the relation γµC =
−CγTµ . Sine the Lagrangian is a Lorentz salar, it only depends on fermioni eld
bilinears. Thus, we dedue the CP transformation for suh terms,
CP ψ¯iψj (CP)
−1 = ψ¯jψi ,
CP ψ¯iγ
5ψj (CP)
−1 = −ψ¯jγ5ψi ,
CP ψ¯iγ
µψj (CP)
−1 = −ψ¯jγµψi ,
CP ψ¯iγ
µγ5ψj (CP)
−1 = −ψ¯jγµγ5ψi .
(B.2)
Note that the operator ∂µ transforms under CP as ∂
µ → ∂µ.
Quark Setor. In the Standard Model, it is easy to verify the existene of the CP
symmetry in the Lagrangian, up to mass terms. In general, the quark mass terms are
CP invariant if and only if it is possible to nd a weak basis transformation whih
realises
Hu∗ = WLH
uW †L , H
d∗ = WLH
dW †L , (B.3)
where Hu,d = Mu,d
(
Mu,d
)†
. It follows that
WL [Hu, Hd]W
†
L = − [Hu, Hd]⊤ , (B.4)
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suh that, for r odd,
tr [Hu, Hd]
r = 0 (B.5)
is a neessary and suient ondition for CP invariane [42℄.
The ase of r = 1 is trivial: the trae of a ommutator [Hu, Hd] is zero. For
r = 3 and three generations, we have
I
SM
≡ tr [Hu, Hd]3 = 6i
(
m2t −m2c
) (
m2t −m2u
) (
m2c −m2u
)(
m2b −m2s
) (
m2b −m2d
) (
m2s −m2d
)
Jq ,
(B.6)
where the quantity Jq does not depend of the mass spetrum, and an be related, up
to a sign, with the CKM matrix, V , as |Jq| = |Im(V12V ∗13V ∗22V23)|. We onlude that in
order to have CP violation, we need to have Jq 6= 0. This quantity is the lowest weak
basis invariant whih measure CP violating eets and it has mass-dimension twelve.
Apart from CP violation in the strong interations, there is no other mehanism in
the SM whih an generate CP violating eets if Jq = 0. Note that in the hiral
limit, mu = md = ms = 0, we do not generate CP violation even if Jq 6= 0.
In the literature, the lowest weak basis invariant is alled Jarlskog determinant
[28℄,
det [Hu, Hd] = 2i
(
m2t −m2c
) (
m2t −m2u
) (
m2c −m2u
)(
m2b −m2s
) (
m2b −m2d
) (
m2s −m2d
)
Jq .
(B.7)
whih is equivalent to the Eq. (B.6).
5
The Jarlskog determinant is only appliable to
the ase of three generations, in ontrast to the more general invariant in Eq. (B.5).
Now let us add a down quark isosinglet. The gauge ouplings to quarks and
their mass terms are (i, j = 1, 2, 3 and α = 1, 2, 3, 4):
L
q
W = −
g√
2
(
u¯Liγ
µdLiW
+
µ + h..
)− eJµ
EM
Aµ
− g
2 cos θW
(
u¯Liγ
µuLi − d¯LiγµdLi − 2 sin2 θW Jµ
EM
)
Zµ (B.8a)
L
q
M = −
(
u¯LiM
ij
u uRj + d¯LiM
iα
d dRα + d¯L4m
α
d dRα
)
+ h.. (B.8b)
where the matriesMu,Md andmd are of dimension 3×3, 3×4 and 1×4, respetively.
The eletromagneti urrent is given by JµEM =
2
3
u¯γµu− 1
3
d¯γµd.
The most general weak basis transformation onsistent with the Lagrangian of
Eq. (B.8) is:(
uLi
dLi
)
−→ U ijL
(
uLj
dLj
)
, uRi −→ (UuR)ij uRj , dRα −→
(
UdR
)αβ
dRα . (B.9)
5
For any 3× 3 traeless Hermitian matrix M one has: trM3 = 3 |M |.
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where UL and U
u
R are 3× 3 unitary matries, while UdR is 4× 4. One we diagonalise
the mass terms, the Lagrangian reads
LW = − g√
2
[
u¯Liγ
µ (V
CKM
)iα dLαW
+
µ + h..
]− eJµ
EM
Aµ
− g
2 cos θ
W
[
u¯Liγ
µuLi − d¯Lαγµ
(
V †
CKM
V
CKM
)
αβ
dLβ − 2 sin2 θW Jµ
EM
]
Zµ ,
LM = −
(
u¯LiDui uRi + d¯LαDdα dRα
)
+ h.. , (B.10)
where V
CKM
= Uu †L U
d
L is a 3 × 4 matrix. The number of independent phases whih
are related to CP violation is, for N = 3,
n
CP
= N (N + 1)− 1
2
N (N − 1)− 2N = 1
2
N(N − 1) = 3 . (B.11)
With the matries as dened in Eq. (B.8b) and Hu = MuM
†
u, Hd = MdM
†
d , and
hd = Mdm
†
d, we an write down a set of weak basis invariants,
I1 = Im trHuHdhdh
†
d , I2 = Im trH
2
uHdhdh
†
d ,
I3 = Im trH
2
u [Hu, Hd] hdh
†
d , I4 = Im trHuH
2
dhdh
†
d ,
I5 = Im trH
2
uH
2
dhdh
†
d , I6 = Im trH
2
u
[
Hu, H
2
d
]
hdh
†
d ,
I7 = Im trH
2
uHdHuH
2
d , (B.12)
representing a set of neessary and suient onditions for having CP invariane in
the quark setor [43℄.
In our model, Hd and hd read
Hd =
|µ1|2 + µ˜21 µ˜1µ˜2 µ˜1µ˜3µ˜1µ˜2 |µ2|2 + µ˜22 µ˜2µ˜3
µ˜1µ˜3 µ˜2µ˜3 |µ3|2 + µ˜23
 , hd =
µ1M˜1 + µ˜1M˜4µ2M˜2 + µ˜2M˜4
µ3M˜3 + µ˜3M˜4
 . (B.13)
Sine Hu and Hd are real, I7 vanishes. The remaining invariants are in general
dierent from zero; the dominant terms are
I1 = −m2t
(
µ˜21 + µ˜
2
2
)
µ˜3M˜4 Imµ3 , I2 = m
2
t I1 ,
I3 = −m6t
(
µ˜21 + µ˜
2
2
)
µ˜3M˜3M˜4 Imµ3 ,
I4 = −m2t
(
µ˜21 + µ˜
2
2
) (
µ˜21 + µ˜
2
2 + µ˜
2
3 + µ
2
3
)
µ˜3M˜3M˜4 Im µ3 , I5 = m
2
t I4 ,
I6 = −m6t
(
µ˜21 + µ˜
2
2
) (
µ˜21 + µ˜
2
2 + µ˜
2
3 + µ
2
3
)
µ˜3M˜3M˜4 Im µ3 . (B.14)
Hene, CP is generally violated even by the presene of a single omplex parameter
µ3. Note that this ase is not equivalent to the hiral limit beause both the harm
and strange masses are dierent from zero, mc ∝ µ2 and ms ∼ µ˜2 (albeit µ2 ≪
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µ˜2). As we might expet, the invariants vanish if all quarks of the rst and seond
generation are massless.
Now we single out the heavy eigenstate with the rotations V4, U4. While the
ation of V4 leaves the invariants unaeted, U4 strongly modies them and reshues
terms from one to the other. In fat after this transformation, hd vanishes to lowest
order and survives only at order O(v2EW/M˜2); then in the new basis all the invariants
involving hd, i.e., I1− I6 are suppressed by v2
EW
/M˜2 and vanish for M˜ →∞. On the
other hand I7 is now non-vanishing and given by
I ′7 = Im trH
2
uH
e
d Hu
(
Hed
)2
, (B.15)
where Hed = m̂m̂
†
(see Eq. (2.7)). Note that U4 also hanges the weak interations,
δLW = − g√
2
u¯iγ
µ (U4 − 1)i4 d4W+µ + d¯iγµ
(
U †4U4 − 1
)
i4
d4 Zµ + h.., (B.16)
so we expet both CP violation and CKM unitarity violation from these terms as
well. However, the mass of the heavy state is O (M
GUT
) so that the ontributions to
low-energy proesses are suppressed by a fator M
EW
/M
GUT
and are negligible.
Hene, at the eletroweak sale, we are left to onsider the single invariant
I ′7 = Im trH
2
uH
e
d HuH
e 2
d , (B.17)
whih orresponds to the usual Jarlskog invariant Jq for three generations, but om-
puted for the eetive quark mass m̂.
Lepton Setor. As disussed above, we an ignore the heavy states for low-energy
CP violation and use the eetive 3× 3 Yukawa matries instead.
In the SM, extended by right-handed neutrinos, we have three mass terms for
the leptons,
L
ℓ
M = −
(
e¯Lim
ij
e eRj + ν¯Lim
ij
D νRj +
1
2
ν⊤RiC m
ij
N νRj
)
+ h.. (B.18)
In analogy to the quark setor, invariane of the mass terms under CP transformation
requires
U †meV = m
∗
e , U
†mDW = m
∗
D , W
⊤mNW = −M∗R , (B.19)
where U , V , andW are unitary matries ating in avour spae. Dening h = m†DmD
and H = m†NmN , we obtain
W †hW = h∗ , W †HW = H∗ . (B.20)
Now we an write down the weak basis invariants
Iℓ1 = Im trhH m
∗
Nh
∗mN , I
ℓ
2 = Im trhH
2m∗Nh
∗mN ,
Iℓ3 = Im trhH
2m∗Nh
∗mNH ; (B.21)
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for the three further invariants, substitute h = m†Dmem
†
emD for h [26℄. In the basis
where the right-handed neutrino mass is diagonal, one obtains
Iℓ1 = M1M2
(
M22 −M21
)
Imh212
+M1M3
(
M23 −M21
)
Imh213 +M2M3
(
M23 −M22
)
Imh223 ,
Iℓ2 = M1M2
(
M42 −M41
)
Imh212
+M1M3
(
M43 −M41
)
Imh213 +M2M3
(
M43 −M42
)
Imh223 ,
Iℓ3 = M
3
1M
3
2
(
M22 −M21
)
Im h212
+M31M
3
3
(
M23 −M21
)
Imh213 +M
3
2M
3
3
(
M23 −M22
)
Imh223 .
If none of the Mi vanish and there is no degeneray, the vanishing of I1, I2, and I3
implies the vanishing of Imh212, Im h
2
13, and Imh
2
23 for CP invariane.
Note that in our model, mD stands for the eetive 3 × 3 part of the Dira
neutrino mass matrix, mD, as given in Eq. (A.23). Then we obtain from Eq. (4.3),
h12 = A
∗Dρ21 +B
∗Eρ22 + C
∗Fρ23 ,
h13 = Aρ
2
1 +Bρ
2
2 + Cρ
2
3 ,
h23 = D
∗ρ21 + E
∗ρ22 + F
∗ρ23 . (B.22)
The oeients A, . . . , F are displayed in Eqs. (A.24). They are generially omplex,
so we do not expet CP to be onserved.
As in the quark setor, these invariants are rather general and give the neessary
onditions for the presene of CP violation. On the other hand, only few of the phases
remain important also in the low-energy limit. In our ase, to study the low-energy
Dira invariant, we an use the analogue of the Jarlskog invariant,
Jℓ = − 1
M 2ν M
2
e
tr [hν
e
, he]3 , (B.23)
as disussed in Setion 4.3. Here, hν
e
= (mν
e
)†mν
e
and ∆M 2ν and ∆M
2
e are the
produts of the mass squared dierenes of the light neutrinos and harged leptons,
respetively.
 39 
Referenes
[1℄ H. Fritzsh and Z. Z. Xing, Mass and avor mixing shemes of quarks and leptons,
Prog. Part. Nul. Phys. 45 (2000) 1 [hep-ph/9912358℄.
[2℄ G. G. Ross, Models of fermion masses, in Theoretial Advaned Study Institute in
Elementary Partile Physis (TASI 2000): Flavor Physis for the Millennium,
Boulder, Colorado, 4-30 Jun 2000.
[3℄ R. N. Mohapatra and A. Y. Smirnov, Neutrino mass and new physis, Ann. Rev.
Nul. Part. Si. 56 (2006) 569 [hep-ph/0603118℄.
[4℄ G. Altarelli, Models of neutrino masses and mixings, hep-ph/0611117.
[5℄ H. Georgi, Unied Gauge Theories, in Coral Gables 1975, Proeedings, Theories and
Experiments In High Energy Physis, New York 1975, 329-339.
[6℄ H. Fritzsh and P. Minkowski, Unied Interations Of Leptons And Hadrons, Ann.
Phys. (NY) 93 (1975) 193.
[7℄ Y. Kawamura, Triplet doublet splitting, proton stability and extra dimension, Prog.
Theor. Phys. 105 (2001) 999 [hep-ph/0012125℄.
[8℄ G. Altarelli and F. Feruglio, SU(5) grand uniation in extra dimensions and proton
deay, Phys. Lett. B 511 (2001) 257 [hep-ph/0102301℄.
[9℄ L. J. Hall and Y. Nomura, Gauge uniation in higher dimensions, Phys. Rev. D 64
(2001) 055003 [hep-ph/0103125℄.
[10℄ A. Hebeker and J. Marh-Russell, A Minimal S1/(Z2 × Z ′2) Orbifold GUT, Nul.
Phys. B 613 (2001) 3 [hep-ph/0106166℄.
[11℄ T. Asaka, W. Buhmüller, and L. Covi, Gauge uniation in six dimensions, Phys.
Lett. B 523 (2001) 199 [hep-ph/0108021℄.
[12℄ L. J. Hall, Y. Nomura, T. Okui, and D. R. Smith, SO(10) unied theories in six
dimensions, Phys. Rev. D 65 (2002) 035008 [hep-ph/0108071℄.
[13℄ T. Asaka, W. Buhmüller, and L. Covi, Quarks and leptons between branes and
bulk, Phys. Lett. B 563 (2003) 209 [hep-ph/0304142℄.
[14℄ W. Buhmüller, L. Covi, D. Emmanuel-Costa and S. Wiesenfeldt, Flavour struture
and proton deay in 6D orbifold GUTs, J. High Energy Phys. 09 (2004) 004
[hep-ph/0407070℄.
[15℄ W. Buhmüller, J. Kersten and K. Shmidt-Hoberg, Squarks and sleptons between
branes and bulk, J. High Energy Phys. 0602 (2006) 069 [hep-ph/0512152℄.
[16℄ H. M. Lee, Gauge oupling uniation in six dimensions, Phys. Rev. D 75 (2007)
065009 [Erratum-ibid. D 76 (2007) 029902℄ [hep-ph/0611196℄.
[17℄ H. D. Kim, S. Raby and L. Shradin, Quark and lepton masses in 5D SO(10), J. High
Energy Phys. 0505 (2005) 036 [hep-ph/0411328℄.
[18℄ G. Bhattaharyya, G. C. Brano and J. I. Silva-Maros, CP Violation and Flavour
Mixings in Orbifold GUTs, arXiv:0709.1848 [hep-ph℄.
[19℄ S. M. Barr, Light Fermion Mass Hierarhy And Grand Uniation, Phys. Rev. D 21
(1980) 1424.
 40 
[20℄ Y. Nomura and T. Yanagida, Bi-maximal neutrino mixing in SO(10) GUT, Phys.
Rev. D 59 (1999) 017303 [hep-ph/9807325℄.
[21℄ T. Asaka, Lopsided mass matries and leptogenesis in SO(10) GUT, Phys. Lett. B
562 (2003) 291 [hep-ph/0304124℄.
[22℄ W. Buhmüller, K. Hamaguhi, O. Lebedev, and M. Ratz, Supersymmetri standard
model from the heteroti string, Phys. Rev. Lett. 96 (2006) 121602
[hep-ph/0511035℄; Supersymmetri Standard Model from the Heteroti String (II),
Nul. Phys. B 785 (2007) 149 [hep-th/0606187℄.
[23℄ O. Lebedev, H. P. Nilles, S. Raby, S. Ramos-Sanhez, M. Ratz, P. K. S. Vaudrevange
and A. Wingerter, A mini-landsape of exat MSSM spetra in heteroti orbifolds,
Phys. Lett. B 645 (2007) 88 [hep-th/0611095℄; The Heteroti Road to the MSSM
with R parity, arXiv:0708.2691 [hep-th℄.
[24℄ W. Buhmüller, C. Lüdeling and J. Shmidt, Loal SU(5) Uniation from the
Heteroti String, J. High Energy Phys. 0709 (2007) 113 [arXiv:0707.1651 [hep-ph℄℄.
[25℄ T. Asaka, W. Buhmüller, L. Covi, Bulk and brane anomalies in six dimensions,
Nul. Phys. B 648 (2003) 231 [hep-ph/0209144℄.
[26℄ G. C. Brano, T. Morozumi, B. M. Nobre and M. N. Rebelo, A bridge between CP
violation at low energies and leptogenesis, Nul. Phys. B 617 (2001) 475
[hep-ph/0107164℄.
[27℄ G. C. Brano and M. N. Rebelo, Leptoni CP violation and neutrino mass models,
New J. Phys. 7 (2005) 86 [hep-ph/0411196℄.
[28℄ C. Jarlskog, Commutator of the Quark Mass Matries in the Standard Eletroweak
Model and a Measure of Maximal CP Violation, Phys. Rev. Lett. 55 (1985) 1039.
[29℄ W. M. Yao et al. [Partile Data Group℄, Review of partile physis, J. Phys. G 33
(2006) 1.
[30℄ F. Vissani, Large mixing, family struture, and dominant blok in the neutrino mass
matrix, J. High Energy Phys. 11 (1998) 025 [hep-ph/9810435℄.
[31℄ M. C. Gonzalez-Garia and M. Maltoni, Phenomenology with Massive Neutrinos,
arXiv:0704.1800 [hep-ph℄.
[32℄ S. T. Petov, Neutrino Masses, Mixing, Majorana CP-Violating Phases And (ββ)(0ν)
Deay, New J. Phys. 6 (2004) 109.
[33℄ M. Fukugita and T. Yanagida, Baryogenesis Without Grand Uniation, Phys. Lett.
B 174 (1986) 45.
[34℄ L. Covi, E. Roulet and F. Vissani, CP violating deays in leptogenesis senarios,
Phys. Lett. B 384 (1996) 169 [hep-ph/9605319℄.
[35℄ W. Buhmüller and M. Plumaher, Baryon asymmetry and neutrino mixing, Phys.
Lett. B 389 (1996) 73 [hep-ph/9608308℄.
[36℄ W. Buhmüller and T. Yanagida, Quark lepton mass hierarhies and the baryon
asymmetry, Phys. Lett. B 445 (1999) 399 [hep-ph/9810308℄.
[37℄ W. Buhmüller, P. Di Bari and M. Plümaher, Leptogenesis for pedestrians, Ann.
Phys. (NY) 315 (2005) 305 [hep-ph/0401240℄.
 41 
[38℄ A. Abada, S. Davidson, F. X. Josse-Mihaux, M. Losada and A. Riotto, Flavour
issues in leptogenesis, JCAP 0604 (2006) 004 [hep-ph/0601083℄.
[39℄ E. Nardi, Y. Nir, E. Roulet and J. Raker, The importane of avor in leptogenesis,
J. High Energy Phys. 0601 (2006) 164 [hep-ph/0601084℄.
[40℄ S. Blanhet, P. Di Bari and G. G. Raelt, Quantum Zeno eet and the impat of
avor in leptogenesis, JCAP 0703 (2007) 012 [hep-ph/0611337℄.
[41℄ S. Antush, S. F. King and A. Riotto, Flavour-dependent leptogenesis with sequential
dominane, JCAP 0611 (2006) 011 [hep-ph/0609038℄.
[42℄ J. Bernabeu, G. C. Brano and M. Gronau, CP Restritions On Quark Mass
Matries, Phys. Lett. B 169 (1986) 243.
[43℄ F. del Aguila, J. A. Aguilar-Saavedra and G. C. Brano, CP violation from new
quarks in the hiral limit, Nul. Phys. B 510 (1998) 39 [hep-ph/9703410℄.
 42 
